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. " Un,it 17 - LINE IN A PLANE' ' 
(Contains Subunits 17.6 Through 17.1) 

Rationale . ' • ' 

. " By the end of this unit, you will be concerned with being 
able to do two things, {Y} constructing the graph and interpreting 

w^®']. yo"*.?''®'9iven the equation of a line, and >S[2) whfei given 
some conditions or data, determining the equation of the line that 
satisfies those* conditions. ' . \ i/ 

t • . ' 

■ . * ■ " . . 

An old Chinesa^proberb says "A picture is worth a thousand 
words So the picture or graph of an equation is yery valuable 
if you are able to use that picture to interpret information depicted 
by it. One of^he pieces of information you should be able to 
determine from the graph of a line is the slope of the line; anoth'er , 
would be the X and y inter^iepts of the line. 




Since the line is a mathematical model for many physical 
phenomena, it is advantageous to be able to describe, in terms of 
an equation, that phenomena. Tor instance, in electronijcs, any 
electrical device whose I vs E curve fexhibjts the property that - 
the ratio of the current through the devtce to the voltage acr.oss 
it is a con;5tant (the graph is a line) Is a linear resistance, In 
physics, Hooke's Law state?, "The el a$tic deformation (of 9 spring-) Is 
directly proportional to the force If the elastic limit is notdsxceeded. 



Hence the graptt of load i/s elongatiyri -is linear/ 

4 • 



This un.1t Is broken* into 5 subunits one of each dealing 
J with pointis, line segments, and vectors ar\(l 2*dealin^ with lines/ 



Obj.^ct1ves ''. . * , • 

17.5 a) Write ao' equation .in any of t;he requested standard forms' 
V « . .(slope-intGrcept. point-slope, etc.) of the line which ' 
satisfies a given set of conditions and sketch the graph. 

b) And given an equation of a 1 ine.' detennine the following 
1 ) X and y intercepts - 

2 slope " • . • ., • 

3) direction numbers ' " . 

4) 3 points on the line and the ^raph-of the line " 

. ... * . 



17.4 Determine^ the. cosine and tangent of the angle(s) formed by the " ' 

• intersection, of tWo lin^s. ^ ^ i . ^ 

'•■ ' • ' ' . . ' , ' ' 

17.3 Perform operatiohs on plane vectors and analyze^ tiie results. 

• . 

17.2 Determine the direction cosines '{)f a directed 1 ine segment, and ' 

determine coordinates of a. point that divides that Segment into , 
. . a given ratio/ : ^ - * 

17.1. Plot points in a rectangula»^;coordinate system, ' 

Prerequisite ' • . ' . • 

Competency in Units 6 through 11 and Unit 14 (jn particular objective 

14.4 So'^ve a system of three linear equations using Cramer's Rule); 
or .the equivalent of College /Vlgebra and trigonometry. Chapter one of ' 
Morrill. W. K; Analytic -Geometry ; is a good source for review material 
for trigonometry and linear algebra. ' • . 



^ Unit Activities ' 

Lectures 1 and 2- 

The lectures.' Qver this unit will have the following outlines^ 

1. The line segment a*nd vectors ' 

. • A. Determining for the line segment • 

. 1. scalar components ^ ^ ' ^ 

2. ii distance between>points^(length of segment) 
^3. dlirection cosines ^ . . .( 

D \. ^: of point that divides a segment' Into a given ratio 

B. Victors — operations and analysis . ; 

1. (^addition , - ^ ' ' • \ 

2. scalar multiplication " . • 
' * 3. ■ dot product • 

a. parallel and perpendicular vectors • 
• b. cosine of anglfe between 2 vectors 

Nriproduet and area of triangle ^ - ' 

• ^ 6/ • • * . • . ■ . 



2. The Line" . ' , ^ ' 

. A,' Determining cosine and tangent of angle(s) formed by ■ ' \ 

f intersection of 2 lines / 

. B. Determining slope, intercepts and the graph from a linear equation 
. \C. Writi^i^ equation q.f a line 

Lecture 1 covers objectives 17.2 and 17.3 ^ 

Lecture 2 covers objectives 17. 4, and 17.5 ... 

... . ftrocedural 0pti6ns ' » , . ' . * ^ 

This un.it/is important not only because it'is a prerequisite 
\ ■ ■ . 

1 ' ■ ' 

for the later units ^ but also because of the work habits you develop 

for this unit. If you develop good work habits in this unit, you will ' 

probably continue with those habits throughout the' course. 

fhere are several options available to you in order' to meet 
the objectives of this unit. Some of these are listed below! f 

"option V. ' . ^ ■ 

• * 

S-elect a device. or , devices fr"om the following chart which you 

think mjght help you acquire the skills and concepts for each objective 

beginning with 17.1 below. After you have completed an activity package 

for .each objective, take the self-evaluation. If you score loO/S and • 

• you are confident tha,t you have mastered the objective,- proceed to. the 

^ next objective and continue until elective 17.5 is completed. You 

V" . ■ ^ ' ... ■ • 

are now^ready for t|ie assessment task which measures all oi?jectivei 17.1 

through 17.5. • ' 



Option 2. • . ' " %^ 

Study the firft objective carefully. If you feel confident " 
take the self-evaluation for 'that objective. . If you scored-^.l 00515 /go*on 
to the next numbered objective and repeat th1& sequence until you are no . 



17-4 

* 4 

lofiger familiar with the material or «ntiryou score less than 100% 

on the self-evaluation. Begin with the activity package -in th^ objective 

in which'you failed to meet the objective. , ■ 

. The average time for Unit 17 is about 3 w^eks. 



Ob^ectivis 17>1 



P]J6t t)oints in a rectangular coorcHnate system. 



Activities 17.1 . (Most students should be able to • . / 

take the selfrevaluation irmtied^atelyl' V 
— ^\ if not, ^activity; 1 should be sufficient. ) 

• " • \ . ' ■ 

J. Your Text - ' 

) . 

Morrill, W. K. , A nalytic Geom6try , pp. 1'9-21^/. " 

Exercises; pp. l'l-l2, jjroblems 1 r 7,12, 13; an(^15. . 

2. Your. Text and- the Study Guide (Located at the end of the unit activities, ) 

3. Other Reading Sources • . • ' . • 

1.' Schaum's Outline Series; Theory and Problems of Pilane and jSolid 
Analytic Geometry , page 1 . ' . . . 

> /' 2. Eulenburg and Sunko: Introductory Algebra -- A College Apprpacli . 
' ' pages 173'- 178. ;.- ■ ' ' ^ . , 

' i ' • . • n 

». ... # ^ * 

4. Individual Assistance . . « 
Your instructors are available daily for individual help. < 

* 5. InfdrmaT Group Session > , ' ' 

.The projectlroom is a good place to study w^ith other stucfents in - 
thi is program.. , Get acqua intend- with your fellow students. ' 

$elf-Eva?timt1on 17. T . 



T. Draw and label the coordinate axes (right handed frame) and focatfe 
the following: 

« (a) (0^--6) (0.0) (0.1) (4,1) (-1, 3) (-3. ^2) 
(I?) abscissa is> -3, ordina.te Js 4 . ' 

(c)i the set of points in' quadrant ifl haVing Qrdinate -4 » 



It- 6 
Answers: 



1. 




1 



(-1,3) - - 



'.(-3,2.) - 



V 



4-K : 
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Objective 17.2 



a. Determine the^di recti on cosine? of a directed line *segm^in, 

b. Detennine coordinates of a point that divides a segment -into a 
giveri ratio. • < » ,/ , 



\ 



Activities 17.2 (2.and 7 are suggested) - ' 

■' ■ ■ ' ■ ' ' ■ 

1. Your Text (Part* (a) of objective) ' 

Morrill, W. K. , Analytic Geometry- ^ ^p.\23-33 
Exercises: pp. 25-26». problems 1 , 3 (a,) b, c', d» f) 
, p. 27, problems :l-4(a,, c; aL«ach) - 

. -pp. 29-30, problenWHa,, cie, f)„ 2(a), 3, 4, 6(.a, l., c), 10 
pp. 32-33, ppoblet/s 1, 3-6,\6(a, c, e); " ' ^ . 

If you follow thfe order pf' the text, do*only part (a),o-f bbjective 17.2. 
Then py^eed to Objective 17.3.. After finishing Obje^ftive, 17.3, do 
part (b) of Objective 17.2.' , ' , . 

■■ . ■ * ••' . - ■ ' • ' ( ' ■ ■ 

2; YoMr* Text and the Study .Guide. ( If you use the Study/t^uide, you cover' 
. Objective 17.2 (a) and (b). : ' / " ' ^ ' 

* . • ■ 

3.,' Solved Problems < - " . • " 

• V , » • » ft ,^ 

Schaum's Outline Series: ' Thepfe and Pw>b1ems of Plane and Solid 
'Analytic Geometry , pp. and 4, problems 1 - 5 (distance between two 
points). ■ ■ ^ ■ ■ ' . - 

4;' Other Reading Sources; ' ^ • ' 

Protter and Morrey:" Analytic Geometry , pp. 72-73 (Analytic Proofs), 

5. ' ^IndivHual Assistance \. \ - 

6. ( inftjrmal Group/Ses.s.ions . ^ I . y } 

7 . . *Lec ture h ' . ^ 

Sel?f -Evaluation 1-7.2 (a) . ' . . • 

1. Find the projection^ of c?ach of the following segments on -thte x and ^ 
axis, respe*tive.ly. - ^ 

■ " a. I^rom Pi - (5, 1) to>2 « (4, -3)' " " ' f 
. b. From Pj « (0; -2) to P2 =; (d» -10)- > 

2, Find/the;scalar components from Pj « (-4» 3) to P^* « (5, -2) 

.3. Given the verttces .of a triangles, " A « (6, -2), B = "(I'-i ^2) !^nd • 
' C a (r2, 2), determine whether it Is or' Is not . / ^ * 



\ 



[^) right 
fb) isosceles 



c) equilateral,,,. 

■ & ■ 

osfn 



4. Find the direction cosfnes for PiP^where: 

a. Pi - (2j 3) and = (4, 1) 

b. Pi = (4% -6) and P, ^ (-1. -3) 




Self -Evaluation 17.2 (b) 

l.^Find the point P that divides the segment- PiPo in a ratio of 2:> where 
• Pi: = 1) and R2 ^ (-2,. 3')., , 
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^2 



.3 



V 



-7\r(swer"s^ '(a) 
. 1;" (-a) ^ 5 « 



/(b) SB" »'0 *- 6 - 0\ » ->p.- X-2) » "-i^ 

1 . AB = 5, AC - 4 BC ■« 5; isoscel es v , 
^ How dp you know 1t is^not,;a right triangle? 



4. (a) 



2 . 



m 



Answer:, (b) x 

^. (l/3» 7/3) 

1^ ■ - . 



(b) 
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. , Ob^#^t1v e 17.3 • 



Perform operatfdns on^lane vectoj^j, and analyze results. 



Actfivitie.s 17.3 (2 is .suggested) 
1. ^Your Text , 

Morrill . W:.-K.f A nalytic Geometry , pp. 33-42, 48-50 
; . Exerc(ises: p. '36» .problems l,«-2(a, c,..& fe), 9," 11 (a, c, e"; & g) 
pp. 41-42, problems 1 (a & c), 2 - 5, 10, 11 15(a) 
I , , pp. • 50-51, problems 1, 2, 3(a), '6 - 9, 11(a) 

'. Par't^(b) of Objective 17v2 . 
Morril), W: K., Analytic Geometry : pp. -^-4*6 
Exercises: pp. 46-47, problems 1 - 5,. 9(a), 11. 13(a), 15 

2.1' Your Text and \he Study Guide . . ' , 

. •»' " / ' ' ' 

,3. Other Reading Sources: 

Protter-Morrey, Analytic Geometry , pp. 8p-93. , 

School Mathematics Study Group (SMSG), Analytic Geometry , (Unit N 
. 64, Revised Edition,) pp. 91-133. Al^ ngtlce Proofs by Anaiylc 
Methods beginning on page 139. 

Fuller, Gordon, Analytic Geometry , pp. 183-188 

4. " Individual Assistance.. 

In h very short amount of time, your instructor cdn often help 
clarify points that are giving yoij'diff jcul ty. Do not overlook 
. this: very, important device 

5. Informalj (5roup Sessions . ' i . , 

'6. Lecture \ • ' 

. ^ ... ' . - • • 

Seif- Evaluation 17.3 - ' , ' / " ' ■ ; 

S-iven the f 0*11 tfi^thg points . P;i ,« (^^ 1) •,. P3 ,« (gy 3>) 

Determine: 



10 



(a) P1P2, P^P^ '^nd.find cos 0 whene /le « ^PjtPaPa ' 

(b) kP^pJ where k « 3 . . ' - 

(c) aire pTpJ" and Pj?3 pdrpeodlculaY ' 

(d) ffnd a Vector compi liiieotary to - ' ^ 
. (e) find the area of the Mangle P^P^Pj / • 



Qn page 52-53 yog' will find. a set of proWms that will.be'a v>er»y gopd 
review for the fir^^t three obje<;tives' of this 'unit.. ■ . 



Answer^s: • ' 

' (a) ;u - PiP2 = [-y-, -3] 

V - P1P3 = [1, -ij I 
u • v' 

^ ' MTvT 

•. " cos e ^ ^-3)0) ' (-^»-^) 
\/9~+.9 VTTl 



cos e = -3 + 3 _; 0 ^ Q 



(b) k [1, :i] = 3 [1, :1] = [3. -3] ' ^ 

* • # 

(c) yes ■ • J 

(d) P2P3 =' p. 2] so vector' complimentary to P^ would' be [-2, 4] 

(e) D^L^Ji^ . 11^ . 3 3(,„,,e units 



X 



T 
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\' Objective '17/4 



Detfermine the cosine and tangent of thfe 8ngle(s) formed - 
by the' Interseotlqn of two lines. 

— — i — - - — ■■ — . > 



Activities 17:4 (2 and. 7 'are. recommended) 

"I . Your Text: ' , 

Morrill, W. K., Analytic Geometry , pp. 55-58 and pp.. 70-72 
Exercises: p. 58,. problems 1 - 4, 6(a, d,. f, & h) 
p. 7Z,t problem 10 ^ 

2. ' Your Text and the Study Guide. 

3. Solved Probleifns; ' ^ 

Schaum's Outline Series: Theory ^nd Problems of Planfe and Solid 
Analytic Geoftietry ,^ pp. 6 ^ . ~ 

4. Other reading Sources: 

* . 

Fuller, Gordon, Analytic Geometry , pp. 9 - 14 
. Protter-Morrey, Analytic Geometry , pp. 43 - 48 ■ 
Murdoch,' David C.» Anja lytic Geometry , pp. 41 - 44 ^ I 

5. Individual Assistance 

^ ■ . ■ r 

6. Informal Group Sessions. 

7. , Lecture 2 « , . * 



\ 
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Self-Evaluation 17.4 . . . 

1. Given the. points Pj .* (2, I ), P2 =• (-2, -2) and P3 « (4, 1), determine': 
(a) a pair of dir^ection numbers for the line qontaiWing the vector P1P3, 

-(tr)-i the^Tlope of the line contalnTng^~tKe~veclf6r^2^T 

(c) the cosineof the' agute. angle 0 between the lines containing the 
vectors P2P1 ^nd f^2P3 - • 

(d) the tangent' of the acute angle' 9 between' th§ lines cpntaining the 
vectors PjPg and PiP^. ' ^ 

(e) «re th^Olnes containing the vectors 7J?^ dn^ P1P2 perpendicular 



16 



4V, 



.1 « i" \. 



rl3 



Answers: , ;. ' - • . 

1 •• (»-)• [2, -2] or k [2, -21/ for any k e R 

(b) s = 1/6^ . ^ ^ 

(c) . cos 9.= uiVi + U2V2 where u '= 



[6. Ij 



COS 9 « 



27 



(d) tan G = s 2 - s J 
1 + S1S2 



tan 9 = 3/4^ - 1/6 

li-0/6)W4) 



where Sj = slope of line containing the vector P^p3 , ' 

S2 = slope of line containing^the vector ' 

/ ^ s'l = 1/6 S2 3/4 - . : 

=14/27 



(e) no: S1S2 0 
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.V Objective 17:5 . 



<a) Writft an equation //i any pf the requested standard fonns (ilope- 
intercept, polnt-s/Vope. etc.) of the line which satisfies a 
given set of conditions and sketch the graph. ' 

. • / ' * ' • . ' 

(bX And given" ah equ^ion of a line determi^ne the following: 
aV X and y intefdept^, b) slope, c) direction numbfers, 
^ d) 3 points tbait lie on the^ line and the graph of the line. 



Activi.ti^s 17.5 -(2 and ,|7 are suggested) 
1 .: Your Text 

Morrill, W. K. , A najlytic Geometry , pp. 59-70, 73-94 ^ 

Exercises: ^ pp. 6l-6^, problems 1, 2, 3(a, c, 3, of each), 5, 6, 9('a, c 

g,- and h) ^ 

pp. 64j65» problems^2, 3(a, c, &e) 5, 6 ' v 

•pp. 68|69. problems 1, 2, 3(a and bVof eacli), 4, 6, 13,. 14-. 

, ■ pp. 72[73M.fiicqblems 3 & 6(a, c, & ebf Qach) 

pp. 78^79, problems 1, 2, 10(a, b, c. d, & g), ll(a, c, &e), 

. Pf>^81-S2, problems ,1, 2, 3, 4(a & e of each) 

, .* 'pp. 85-85, problems T, 3(a & c), 4(a &' c), 9, 11, 15 ' 

r > p. . 90 problems r, 4 . • 



*^2. Your Text and the Study Guidd 
3. Solved Problems 



Schaum 's Outl 1,ne skri es : Theory & Problems of Plane and Solid 
Analytic Geometry .! DP. 16 and 18. prohlpm*; q/iq, 1?, 
and pp. 22^30. ' . 

4. « Other *Reading Sources - . " ' . . ■■ ^ 

\ ^ '' ' . • , ■ • ■ 

Murdoch, David C, 'Analytic Geometry^ pp. 44-46 and pp. 50-54 
Protter-Morrey,- Analytic' Geometry , pp. 49-56, pp. 62r64, and pp. 68-71 
Fuller,'Gt)yddn, AnajlyUc Geometry , pp. 28-38 ' . . 

5. Individual Assistance - . - 

6. Informal G roll p- Activity . - • 

7. Lecture -2 ■ ■ ■'■ - 



^ 
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Assessment task' 

• c'-v ■■ a. ■■ V • :. ..... ^ \ . . 

The iis^essfflfent task for tht's,, unit will be In two pdrts. In. part 

♦ . . . . , 

one you w.ill be given an equation of eqgatip'ns of a line or line^ and 

asked , to "determine, certain information about the linefs). You will' 
also, be requ-ired to sketch- the 'graph, of the line or lines/ tn pa^t 



two you. will, be given a set of conditions and asked to find the'line(s) 
• that meet those conditions. ' . . ' 

* " The two problems bejow are examples of the type of problems you 

i can expect. You cannot, use your book or any notes on the assessment 
% ■. tasks. There*will be^twenty items on the assessment task. , Yo>j must 

answer sixteen of them correctly. 1" 



# Vc ^1. Given: = 3x +.2y = -4 and - x - 3y - 2 = 0 ' •• 

. •• Determine (a) si and $2 (b) the" tangent oi" the angle .p i^rom to tj^ 

, ' (c) the X and y intercepts (d) the normal ferm of I2 and j^) the ^ 

t graph of l^. . . • ~- . 



,. 2. Given: ^ J-2, 0), » (-1, 3) and ^3 = {2) ,-3) ^. 
' ; ^. (a) Write, thfe equation of Lhe line that contains p7^. - 

,lbL)lJM,t^Jt^be-^Ml^^ linfis-that are paralle^ll^ft^^a^^^a,^ 

' . ■ . units from the line cont^ijiingivjg^fe-"'"'*^ 

(c) ^lj/i:i:te th^ exjuation of the Tine trough the ppint Pg and 
V ' ^• perpendicular to P1P3. ® 



■J .7 ^ * 




15 ^ 
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n » 



1.. (a) Si 3/-2 ;'y = -3/2'x - A/2 (6). tan & - s 'o - s, 
1/3 ; y = x/a - 2/3 , - ^ 



1 + SxS2 



tan 9 = n/fr ;^ 



♦ 



• 



(c) ki = 2 
. "k2 = ^2/3 



(e) 



(d) X - 3y = 2 



Vl + 9 Vl + 9 

X ' 




VTo" 



To • Vid 



.er|c • 



16 



1 



2. (a) P1P2 - [1 , 31,, [AX, Ay] = CI, 3] 
, xAy - yAx « xiAy - Viax 

- ' 3x - y =-(-2)(3r"^^^rT~ 

, 3x - y i= -6 . ^ . 



■••r- 



a^i + byr +.C 



r y 

where [a, b] ^ [3, -1] 



fa2 + b2 , 

axi + byi + c 



± 6 * 

•'V 



V b2 

^^''^ ft » 



20 
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±3 = ^(-2)^ M)id)'^ c 

i 3vT6'= -6 + c 
± aVTo' +.-6> c 

Vl¥ = 3.16 • 

+3(3.16) + 6 = 15.48 
3(3.16) + 6 = -3.48' 

Hence the equations a*'^:, 

3x - y + 15.48 = 0 
/3x - y^- 3.48 ="0 



■ if 



(c) 



/ 



Pjs ^ [4> -3] F*2 ^ (-1. 3) 1. 

Hence ax + by = axj + byi 

■» . • 

.4x - 36 - 4 (-1) - 3 (3) 

4x - 3y -4 '-,9 

4x - 3y + 1 3 0 , ■ 
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By the^ en^.of 'thi^unjt» you wil 1 concerned'' With beirig able 
to ,do two things/(l) .c6nstr'ufcting the' graph and 1ntey«'pretirig 1^ wKen 
you are givert the, equation of a Ifne. and (g) when givep some condition's 
or .dat^v, determining the equation of Hhe line tha| satisfies those 
conditibns. - - . ' • ' / . 

An old 'Chinese proberb says "A'picture is woy»th a Jihousand words.!' 
So the; picture pr giraph of .^"equat'ion is ver/ valOable^^^if you are able 
|fo- use that g.ctur6 to interpret information depicted by 'It. One of the 
.pieces of inforrttation you should be able to -determine- from the gnaph of 
, a line is the slope of the -tirjev anoth'er would be the x and y intjercepts 
' of the line. _ . ' • ■ . •. • " •. •■. . . y . : 



Since the line is a mathematical model for^'man^ ph3/^jcal pbenomerta..' ' 
•it i% advafitageous to bie a^Je to describe, in. tertns of an eguati^, that 
' phenomena. For instance; iji Electronics, . any electrijcal device whose * 
I vs t cuicve exhibits the property that the-^tiO' of the current through 
the d-evice to. the Voltage. across it is , a' constant (the. graph is ^ line) 
is a linear resistance., In physics, Hooke's Law.states, "The elastic 
deformation (of ajspring) is directly prodbrtianal to the force if 

H * 'r 

the elastic Jimit is not exceeded." Hence the. g.raph of load vs 

■ 



e^ongation is linear, • ^/v" ^ 

This unit is broken into 5' subuhitsV-ohe'of each dealing with 
points/ line segments, ,and;Vec tors and 2 dealing with . lines. 
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OBJEGTlfe '^l ^ 

Unit V2-^ . ^ \ . • . ( 

Line in a Plane ' ' 



17.5 a) Write an equation it] any ol^he requested standard 

'..f.orms (si ope- intercept, point-slope, etc) of the line 
which satisfies a given set of c^ditions and sketch, ^he; 

' ■ . ' '■ .. ■ ■ ■ ■■ . ' 

b) And given an equation of a^line determine the followtng: 

a) X and y intercepts, b)" slope, c) direction r^iimbers, . 

' v . ■ ■„■■»■ ■ . ■■ " 

d) 3 points on , the line and graph the line. • „ - 

.'■(.' 
- , ■ ■ ^ " - 

17.4 .Determina the cosine hnd tangent of the angle(s) formed by the 

intersection of two lines. 

• k ^ . ■ 

17.3 Perform operations on plane' vectors and analyze the results. 

• ' *■ 

17,2 Determine the dijcecti on cosines of a directed line segment 

and* detenni ne coordinates of a point that divides a ^egment into 
» a given ratiQ. . 

17.1 Plot po i nts In Q .r^ ^ ^ ta n s ru l a r coordi nci ^ e-systigm. ^ " . 



i 



^ " • * 


, • • , . . ■ ••■ -v^ ■ * -S •■■ ■■ ■• ■ ■■■■■ '■ "■ ■■ • ■•' •• '• ■ 




^ A • 


' ■ v-r '- ■ ' . ' . . ■ ■ . ■«> • • . •. 


# ■ 


* $ 

* 


Silbgnit 17^1 .... - t: . 

OBJECTIVE J Plot ppinta 'in a rectangular '&oo9d:Lmte a - - ' * / 

'•. • • • ■ * ' ■ 


. :■ . ^ 




/ Instructional Activities - Subunit 17.1 

: . r ' ' / ■' ■ ' . . 






p • ■ 

Task 1: Point Plotting ' ^, ' 
a* * ■ ■ 






Read pages 19-21 ' . ^ * 
Pay careful attentiort to t>ie vocabulary of the sectidn and then. try 






the exercises on pages 21, 22. Some problems you should wor|( are #'s 




• 


1, 2, 3, 5, 6, 10, 11, 12, 14,'and 26. Also work any others that are 






of particular interest to you. ' , 

4 

... , , • . " • * 






■ \ . . ' \ / 
Self-evaluation - Objective-^l 7.1 » ' . 






1. Draw and label the coordinate axes (rjight^ handed frame) and Ijocati 






the following points: , . - 






• (a) (0, -6) (0, 0) (0,1) (4, 1) (-1, 3) ^3^, -2) 


, J, 




(b) abscissa is -3, ordinate is 4 ^ ^ * 

* ' - " 1 




♦ 


• • - -1 
(c) the set of points in quadrant III whose ordinate is -4 

. ■ ■.. • ■ * ; 

1 ■ 1 




X 

M . 


-.1 . ■ 

. ■ 

... * * ' ' .... 

.4 ♦ . . . - r 

\ 

• % ■ , . ■ , . ' . . ■ . 

■ \ . - . • „ • ■ ■ • ■;■ 
' ■ 24 ■ . ■ ■ 

...... • ■ \ ^ '* ■ ^ 

M . • ■ 


si . - 

■0 

■, • 









.Anr^wersr Self-evaluation, 



4y 



♦ - 



(0,-0) 



•y 



«> 
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Subunit' 17.2 



OBJECTIVE; Determine the dir'eation aoaines of a dtreoted line segment 
and determine aoordinates of a point: that divides that 
. ^ 'T segment into a given rat ic^, ' ' 



Tasl^2: Py-ojections v 

Read pages 23-25 (projections) and on pages 25 ^ind 26 work problems .1 
and 3(a, b; c, d, and f ). . 

reading the material you might 'find the following additional information 
helpfi^l, " ' ' ^ ' ■ . „■ 

At the top of page 24, in your text, you will find, figure 2-8. The /'J 
figure has .been reproduced on the next page at the- left with two lines 
.(dotted) and onef point B,inser«ed. , In th6 figure ^-8 on the .foTTowing 
page and to the left, the angle e is obtuse. In figure 2-8' on the'*same 
page at»^ to ihe ri^ht, ,the arfgle 9 is acute. 




fr^urt X-8 



In f^tgure 2-8, cos -o = 



V: 




— - whjere x AB and where r = |Pip2^ ' Notice 
' ^ . - ^, 

that* since ^ is measured to/the left that ?\B will be ' 

(positive, negative, lero) Since M is negative^nd e is obtuse, the 

f\jnctional value of co& 0 will also be negative. Therefore cos 0 = Ab 

and AB = IP1P2I cos 0. /n figure 2-8', cos 6 = — . or cos ,0 ^ < 

, j ft^^^ l . Since M is measured to the ^ (right, left), M is 

j)asitive and since 0 is acute", cos^0 will hav«.a ' y >; 

(positi've, negative, zero) value. Hence AB = IP1P2I cos 0. 



Example 2-1 " ^ , .i. 

What are the projections of the segment P1P2 on' the axis, where Pi » (0, 
.and.p2 =' (5, 3)? | . 



. Solution:. M « X2 - Xi = (5-0) = 5 ' • - ' , , 

■ CD = y2 - - (34) ■ / • 



Since AB = +5, we Rnow the direction- from A" to 6 is to the ^ 



and since^CGi «'-3, the direction from C to'D is <■ • 'c'^ 

Answers: -3, right, downward, respectively 



/ 



Self-evaluation " Task 2: Projections - . ^ 

1, AB = -5 iipplieS that the distance from A to B (where AB"^s the 
projection of P1P2 on the x-axis) Is totthe 



2. If the projection of tbe segment from Pi to f 2 the x-axis, AB is 
' positive then the projection of the segment P1P2, BA", on the x-axis 
• is - « . • 



0 



3,' Find the projection of each of the following segments on, the x and 
y axis respectiveTy. . 

(a) from Pi = C5, 1) to Pg = (4, -3) 

(b) from Pi = (0, -2) to P2 - (0, -10) 



*t4 



Answers^ Task 2: Projections! 



1. left e, negative 3. (a) M ^ 4 - 5 -1 CB" = -3 - 1 = 4 



(b) M = 0'- 0-0 CH" » -10 - (-2)"a.-8 



'ft. 



Task 3; * Scalar Components . . 

' ' *, ■ 

Read pages 26-27 and on page 27* work problems 1, 2, 3, and 4 (do a,'c 
and* e„ of eacf) problem). ' ' . 

Self-evaluation* Task 3: Scalar Components 

- . ' • 

'1, Given the following scalar components fqr the segment? P1P2 ,' what 
are the scalar comffoneh tents for the ^segment P2P1 ? 

(a-) P1P2 = [3, -4] ' ' (a) PjPj = ' 

.(b) P1P2 4 [-1, 2] . (b) P2P1 = 

(c) P1P2 ' [-2, -53 / -(cj P2P1 = 

2. Find the scalar components from Pj = (-4, 3) toW = (5, -2).-^, 

3. If the. initial point of a segment is (-4, 6) and the scalar 
components are [0, -11], what is the terminal point of the 'segment? 



1 



H 



29 



24 



Answers:-!, (a)\[-3,.4} (])) Cr,,-2] (i5).[2;5] 2. [9,-51" 



Task 4: Distance Between Two Points ^ * . , 

Read page^ 27-^29 and on pa^es 2^-30 work problems l(a, c, e, & 'f)i 4, 
6 ,and 10. v C-a 

In reading the material, pay special attentii^n to example ^-5 in the 
text and the example provided in this material. -Both are analytic 
proofs of theorems that you, proved previously in Plane Geometry. In 
many cases, an analytic proof is much shorter and easier than the same 
proof done geomrfrical^ly tn non-coqrdinatized "system'. , ' 
Problems- 6, 9, 10, 11, 12," and 13 are m<)re examples of geometric theorems 
that you have seen previous^ly proved4)y anO^er method. . • * 
Example 2-5 is an analytic proof o^ the theorem: The diagonals of 
. any rectangj^e are equal in length. 
. Below is a proof of that theorem using congurencies, similar to one you" 
woiild find in any plane geometry book. ^ V 

Prove: The diagonals of any rectiingle are equal in length. 



I 



•» 




■ % 

y 


c 


\ 








It 




t 




Prove: |0C| « |AB| 









Analysis: Need to prove aBOA ^ aCAO 



STATEMENTS 
1. 
2. 




rectanglp OACB 
|0B| = |AC| and'|OA| = |BCj 



OB- 



AC and .oA " 1 1 BC 



3. .'/lBOA ^CAO 

4. ' |0A| = |0A| 

^ 6. A BOA = ACAO 

6. \6C] ■ = |AB| 



,) REASON 

1. iiven * 

2. opposite sides of a rectangle are 
equal and paral.]el , 

3. Y^i^ht angles are equaV (in 
rectangles all angles are right angles) 

4. • same' side ' 

5. SAS * . 

'' ^ " 
' i & 

6. correspbndi nig' parts Of congruent ' 



«• triangles 
Hence the diagonals of any rectangle are equal in length. 

Example: Prove the opposite sides of any parallelogram are equal. 



y 



C(6.c) 





I 



Place the origin at A and the x-axis 
along AB. A = (0, 0), B = (a^,0), ' 
C = (b, c), and then D = (a + b, c) 

Prove |AC| = |BD| and |CD| = lABl* 
AC = dj = yj{b - 0)? + (c. - 0)2 = 



BD. = d2 =^ 



Since |AC| and jBb| both equal \/b2 +^c^ 
then ;|AC| ^ |BD|: ' ^ ' 

Using the same techniques on |CD| and |AB| 
then 
|CD| 



since the length of both segftients is a thert JC0| " |Ai^| 



i 



Self-evaluation - Task 4: Distance Between Two Points 

1. Find the, distance from Pi « (2\ 1) to P2 « (-4, 3). 
/ 2. What kind of triangle has vertljces of A (6, -2) ? B^=» (V, -2) and 
C=.(~2, 2)? (a) isosceles (bV right (c) equilateral.. 
3. Prove' anaTytically : The diagohalV of a squa^'e are equal . 



\ 



r 



... ^ 
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Answers: l. /S^ 2. AB - 5. AC « 4A, BC « 5, isosceles. How do 
you know It is not a right triangle (pyth,. fhrn.)' 



3, 




Place the origin at A with AB on the 
x-aX1s, an^ AC on the' y-aj<is. Theh A» 
<0, 0), B (a, 0), C « (0, a) and D ^ 
(a, a). ' ■[ • • 

Prove: |AD| = |CB| ' 
lAoj » di =^|(a-0)2 + ,(3-0)2 
•|CB| = d2 ^->|(0;a)2 + (a-0)2 =^ 

Since |AD|, and |CB|- VgJT then 



Task 5: Direction Cosfnes . ' ' ^ 

» ■ . • . ■ . • , . . 

Read pages 31-^32 and on pages 32 and.33, work pr6bletns '1. 3, 4, 5, e, and 8(a, 
and e). If necessary review pages 14-17 on Trigonometry. ' Also remember 
that a positive angle ( «) is measured countoT-clockwise while a negative angl 
(-«■ ) is measured in a clockwise direction.; ' \ . 

You might find the following sketch and discussion helpful in understanding - 
the discussion orv direction cosines^cif P2Pi , in the trtiddle of page 31 in your 



text. 




t>fv \,\ ^ *^ cos a .af|d m'- 'cos |9 for P1P2, 
the direction cosines for PgPj would be 



Cos (180 - c) a - cos a 

f 

A cos ^lao - /3 ) * -^OS 0 



". '» 'f - 



Hence the direction cosines of P^Pi are 

■ - ■ ■ 1 • 

.' • ■ 33 . ^ ■ •, 



Cohtlnuing on to this bot|;otn of page 31' irf your text> where th^ oric|1n Is 

p ■ * * ■ 

the InUlal, point of the segnient and P Is any po"^nt, 



I = x/P since cos <n ? x/P and ^ = 
m = y/P since, cos /3 = y/P aijii m' = 



p * |0P| = \[. 



• ^ . ' — 

Answers: £ =^ cos , m = cos/3 , pvn |0P| * V + 




17.-30. / • ' . " ■ . ; 

' ■ ' - . ■ ' ' ' , ' 

Se1f~iBva1uation - Ob^jective 17. (a) Pi r*ect1 on Cosines 

1. Detfiicoli^e if the following could be direction cosines; 

(a) [1/3, 2/3] : , 

(b) [1/3. .3/2] ' • 

(c) CO. -n • ^ • ; . . . , . 

2. Are the direction cosines of a segment OP the same as for the segment P5" ?. 

3. Find the direction cosines for PiPo where: 

•' ■ . (a) ■ Pi = (2. 3) and P^-(4. 1) , ' ' . 

• , (b) ^1 = (4. -6) and - (-1. -3) 



I 



L 



^ 4 
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7 Answers: ,1; (a) no, (b) yes, (c) yes 2. no 

♦ w « (b) £ =^ m « '3//3T^ ^ ' 

Objective 17.2 (b) 



3. (a) l ^'^/M 



OBJECTIVE: Determining ooovdinatea of a poinp P that diviHes a segment ' 
^ into a given ratio. • 

' ■ ' ' ' > ■ ;■ ^ • " 

In this- section you will l^aV-n -how to fin^ the coordinates of a point that 
divides a segment into a given ratio. 

Let P = (x, y) be any point on the line segment P1P2 , where Pj = 

(x 1, yi) and P2 = (x^, y2) ^ /'^ 



y 



Let A be the projection of P on the line , 
through PiR^and let B. be the projection of 
P on the line, through P2R forming similar 
triangles 

'aPjPA AP1P2R ' ' 



Let thfe ratios — ■ 



AX 



and r- ^ kv then ^ 



Ay 



= k and 



k 



1^2 



The scalar components- of FTP are 

and thfe scalar corpponents^^bf are. 

Components ) • . ' 



-So PiP = k P,,^^ becomes .[x - xi, y,- yjl - kCAx, Ay], * 



(see Task 3: Scalar 



■.1.1 



Solving for x and y yields 



X - xi = k A X y - yi k A y 



X = 



. Hence,' x = Xi + k a x 

t • * ■ 

%■ * ■ 

■v., ' y = yi + k A y 

V. ... 

The point. P can lie anywhere on the line through the segment, 
P1P2 and its location will depend on the valu^ of k. 



(a) If q < k <. 1 / then P 11«V between and 

(b) If.k > 1 then P2 lies^etween and 

(c) If k < 0 then Pj lies between and 



Answer: 





Midpoint of a segment / . ' ' , 

Ari important appTi'cBtion occurs when P is the midpoint of the segment 
P1P2 or'k « . k = Js'^nce PiP ,is' Js of P1P2. 

When a hi PiP = k^iPa becomes RiP '« ^'PiPa . or ' 

solving for x and y \ - , • 

>Jr^xi =.j^ A X 

X =, 



Hence ; 



_ since' AX = X2 - xi i 
V . , and 

. Ay = yz - yr 



y r; yi = ^s' a y 
y = 



y2.. + yi 



•If k\'= 0. then 

PiP = K\PiP2 becorties PiP = 0 which implies that P = 



(P coincides with Pj ) 



If k .1 , then , ^ . 

PjP » k Pi P2 becomes PiP2= P^P which implies that P = 



(P coincides with P2) 



J Sometimes you aXe given' the rat i^ r in which P divides the segment P1P2. 
. (Remember k is the ratitiof PiP toXPiPz). For example if P is the midpoint 

t)f the segment P1P2. then Vdividfesi the segment P1P2 in a 1:1 ratio r. 
. (r is the ratio of PiP to PP2! 
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i 

P 








p 


/\ 





For example: * . 

" ' ' ■ ■■ ' 
W^'^ if the ratio is 1:1, then k > 

• ^ . . - ; 

«. 

(b) If the ratio is*2:3, then k = 

^ c . «. .. • 

(c) If the ra^lo is 2:1, tiien^k =^ 



1 



Any time you' are given a. ratio r it 
,cati be converted tp the ratio k by . 
obseirvlng the first element of * th^ ' 
jj^tio ,r ,,i> the numerator of the ratio 
k'and thi,6 sym of tjhe elements of the 
);ratio r U the ^eViLinator of ratio k. 



plp « .1 

l>^2 =; 1 
P1P2 = i 



P,P2 " _ 
P1P2 = ^ 

PjP _ 




Answers: (a) k^^ij (b) k = 2/5, PiP = 2, 
; k - 2/3, PiP = 2, P'r>^ ^ 1, P1P2 = 3. 



PP2 =-3, P1P2 5^. (c) 



Exampi es : 



1. Find the midpoint of -the segment P1P2 where Pi = (3^5);and P2 = (-2, -6)* 
Solution: 



■2. Find the coprdlna^s of the pofnt P which divi.des tfie segment from P, « 
. . •tr»\74^) to P2 « (5, 6) in th^e. ratio of 

I • . . ) 

Sblutiqn: 'Since PjP « 2v ^nd PPa/*. 1 , (ratio 2:1) , 



X « 



X. Fjl/3 

' I 



y * 8/3 



Answers: k- 2/3f |Ax = (5 - 1) = 4,VAy = (6 + 4) = 10 



>x « 1+^/3 (4). '3 y = -4 + 2y(3 tib) 



h Find '2 points on the line containing Pj « -1) and P2 =^^(-3, 4) 

each of which is four times :^s f^^^ from P2 as it Is frpro Pi . ^ 

Solution: : " 

One position of l> %s, between. Pi and P^ 
^ where k «|/$ (ratio 1:4), The other 




pqsitjion is J^here Pi i$ between P di|d P2 

or where'; k ■ % -j/dl , jx ;■ »■ 'v^^'V'; : Ay-«- 



For the first position. P Internal {k = 1/5) PiB "« Jc P1P2 ^ 

y " ■ . :. r ' '. ' 



X =» X •♦■ k A X 

X' ■» ■ 

X « . 



■ ft''-*. 



Hence: p « (1» 0) 



4a 
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. for the second position P' external (k' « -1/3) 



< I 

X « 



X' a 



ft 



P' = (11/3, -8/3) 



.4. Prqve that tl^e diagonals 'of any parajlelogram bisect eacfi o:ther. * 

•i \ . Consider the parallelogram in the figure 

C(h^c) _^(a*i>,c) The midpoint of diagonal AD is 

The midpoint of diagonal. CB is 




'-^ince the two midpoints are both 
( j g , -|-) , the diagonals bisect 



each other, 
f 



Do the following exercises on pages 46-47: 
Problems 1, 3, 5, 7, 11, 12, 13(k & b), and 14, 



Self -evaluation Ob^iy^ 17.2 (b) 



1 



;■ 1. Find the midpoint of a segment PiP;2 where Pj = (2, -7) and P2 = (-4, -9}, 

2. Find the point P theij: divides the segment P1P2 in a ratio, of 2:1. 

where Pj = (5, 1) and P2 • (-2, 3). • 

3. " Prove:. The, midpoint of the hypotenuse of a. right trigngle is 

equidistant frOnTthe 3 vertices. ^ , 



T 
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Answers: i; . midpoint (-1, -8) 2. (1/3, 7/3) 




Plaqe the>ight angle C at the origin. 
• Let A » (2a; 0) and B- « (0, 2b). Then the 
midpoint D of the hypotenuse is (a, b). 



-Prove: |AD| = [BDl « iDCl 
|ADJ « d2 = V(2a + (-b)2 * + b2 

|BD| = d2 » V(-a)2 + (2b - b)2 = + b2 
|CDp = d3 = \/d2 + b2 * 



|AD| = |BD| |CD| 



■ 17-38 ' ' i ■ 

# ' •■ - ' 

Smnmary - Subuni t 1 7-. 2 • ' / . 

This subunit is about line setjments. How do you name aYine 
^ segment; what is its length; what are its scalar components ahd direction 
cosines? ) 

A segment is named ' i n* term^ of its end points. A directed segment 
has a direction dependent on which end point is^ the initial point of 
the segment. The scalar components of the directed segment are defined 
to be the projections of the directed segment or), the coordinate axes. And 
last, the direction cosines of a segment are. defined in terms of the scalar 
components and the length of the segment. 

The last part of the subunit is on finding the coordinates of a point 
that divides a given segment into a given ratio,, and a formula for the 
midpoint is developed, '* ' . 



. >. 17-S9. 

* ^ 
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Subunit 17«3— ' Vectors ^ i 



OBJECTIVE: perform operatione on plane veotore and amlme veeulta^ 

Rational^ *^ ^ 

At this point we will discuss some of the ope^^tions; performed 
\ on vectors and how those operations are applied to various geometric 
concepts. . * 

Instructional Activities - Subunit 17.3 

Read page§ 33-36. Since the objective of this section deals wUh 
performing operations on plane vectors, you might find it helpful 
to list those ^operations defined in the reading material. 
Operations : 



\ 



The operation at the bottoir) of page 34 defined "^as k [uj, Ug] =• Ckui,.ku 
is called scalar multipHcation.i The term scatW means that k is a 
number not a vector. -So. scalar multiplication for vectors implies thji 
you are multiplying a vector by a scalar. Notice that\ the product 
produced Is a vectbr. ' 

I 

Now tr*y the exercises on the next page. * 



.-.v ■*■• ■■ 
# • 

Exercises: 



Qlyen: u - [3. -13, v " C-4, 2], ki - 2, k2 « 4, and k, « i«, atiswer 
*tha following questions. 

1. Circle all of the geometric representations of the vector u In the 
dravfing belo.w: ♦ ° 






2. find: , : ' i 

(a) , u + V/ ' - 

(b) u. - V 

(q) kiu» k2U, and k^v and discuss the effect of scalar multiplication 
on the product vector. (When does It stretch or shrink a vector? . 
Does the direction of the vector ever change?) . 



3. Represent u In terms of a unit vector. 



■I'l'i IH.^ II II lyiii^ ^uf 
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Answers : 



1. 




= C3 + (-4); -1 + 2] 

"(b) Uy- V « u + (-v) = Cui+ (-vj), U2 > (-V2)] 

.'^ P + 4. -1 - 2] 

' [7. -3J ' . . 



-V « [4, -23 



(c) kiu » 2C3. -1] = C^.-2] • 

. M » -4C3. -1] « [^12, 4]^ 

. kav « )fi[-4. 2] [-2, 1 ] 

Observe that multiplying by a scalar does several things 

It either stretches or shrinks the vector 
:(lj^ |k| > l,>1t stretches the vector 
( if |k|. < 1, it shrinks the vector . ^ 
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2. 



It either preserves the dtrection of the vector'or it reverses 
the direction of the vector. ' . . 

■ ^ { if k > 0 it -preserves. the direction of the vector 
: I if k < 0 it reverses the dif^ection of the vector 



3. u 



U2 



= V32 + (-1)2 = vlF 



u - u 



"1 



"2 



VTo 



-1 



VTo" 



a/To" 



Notice that 3 -i 

VTo". * Vio" 

cosines for the vector u, ^ = 



is a unit vector and it J> also direction 



m = -1 




17-4-3 



On page 36. in your text, work problems 1, 2(a» c, e), 3(a). 4(a, c, e). 



5(a» c, e)„ 9, and 11 (a, c, e, g).. 



i 



A 



Read pages 37-41 , in your text. Inyead1ng\the .first paragraph on 
page 37, do you know why the coorihdat^s of and are the direction 
cosines of u and v? ' ■ 



Answer: Recall that any point P (x, iff) gn'the unit circle^ (a_^rcle whose 
radius is one i/nit) has the property that r2 ^= + y2. stnib r^ = 1,' then 
x2 + y2 but this a>so is a property of the direction cosines of a ^ 
vector. . » - . 

On page 41-42. in you*" text.f.work problems l(a. c) 2. ;3..4,^5, 10. 11. and 15(a) 
Read pages 48-50 in your text.' ■ ■ ■ 



At the top of page 48 .(2nd paragi^ph) you find the statement; let^i and 
mi be the direction cosines of u '= [xi. yi]. Then li « cos and m, = sin 
Remember .that, Wi =» cos $ where '$ = (90° «m ) and cos (90° ) = sin - 



AREA OF A TRIANGLE 



page 49 



A = *5 bh 



V 









^ V 


A 








2 sin e K 






i ' - 



sin 6 » .h/di ** h « di sin e 



^On pages 50:^61. work problems 1^ 2. 3, 44(a). ^» 7,\8. 9 (see 8(, n(a). 
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. - Se1f~6va1uation > •Objective 17.3 




Given the following , points: p) « (4, 4) « (1, 1) P3 « (5, 3). 
Determine: * - 

..(a) pt?;. V^^ and find cos e where e « ^P2^\^3' 

(b) kP^ where k = 3 /* 

(c) are PiPV and P1P3 perpendicular 

(dj find a vector .complimentary to, 7^ 

ft.- 

(e) find the area of'the triangle P1P5P3 



4 



On pages 52-53 you will find a set of. problems that will be a very good 
review for the first three objectives for this unit. 
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Answers - Self-eyaluatlon Objective 17.3 



(a) u « P1P2 - C-3, ^33 . 



V ' P1P3 = Cl, -1] 



cos e,» u ' 

.ncH)(1) ^ (-3)H) 

V9 + 9 

\ -3+3.0 

coa e = . ■ ^ - « — ' 

V36 6 



+ 1 



(b) .kCl,*-l] p 3C1, -f] - C3, -3] 

(c) yes " ^. 

(d) P2P3 2] St) vector complimentary to P2P? vyould be C-2, 43. 

(e) A =■ "1^ = "1^2^" "1^2 



T 



, A. (-3)0) 

A « 3 + 3 

A « 3 square units 



ft f 



r. 
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OBJECTIVE: Determine ihe aoaine and tangent of the angle (e) formed by phe 

intdraeQtio^ of two lines . . " 

■ S ' ' '■ 

In^truc,tior(a)l A(|:tivit.y 17.4 ^ 
Read pages 55- S8, 

■ • I , >• <i 

In example 3-1 on page 55, another pair of direction numbers can be , . 

■ ■ . ' •> ■ ' 7 

. fouiyi by considering the vector -u = P2P1 = [-6, 8>. , 

On page 58, work problems 1 , 2, 3, (do a> c, and e in each problem), 5, 
6(a^ d, f, and h), 7(a & c), and 8(a & c). 6(b) is worked as an , 
example. beloW; 

Example 6(b): 



V 



Construct the line that satisfies the fol lowing , 

geometric cof\di.tions: It' contains the point (3, 4) 
■■< ■ ■ /<\ 
•and has direction numbers [5> 6]. 

Locate the. point (3, 4) and from that 
point draw the vector whose scalar ' 
components are [5, 63. The line that ' 
contains that point (3, 4) and the vector 
^ 1 1 1 t I t ^ )(• [5,* 6] is the required line. . . 




Read pages "70^^71 . 

Equation (2-7) 1s on page 38. 

Notice that. the intersection of twp lines forms 2 pair of angles. -One 
pair will be icute and the other pair will be^obtuse (unless the lines 
,are pe^rpendlcular.) > - 



46 











/ 





In figure 3-19 ^ 

«2 an exterior angle whose/ 
measure is equal to the sum of the 2 
opposite irtteri or angles 

A- 

1 

Hence: e « a2 - «! 



figure 3-) 9 . 



In figure 3-20 



/ 



02 + ( ~ e) 



\'n- q) = 



tan (tt- e) =^ -tan e = 
tan ( ^ «! - ) =» 



-tan e = tan «i - tan 



1 + tan aj tan «2 
tan e = "^^1 " 



■ 1 + Si S2 



t^n e - 



Figure 3-20 



17-48 



Answers : 



«1 -^«2 . 



fan n ^ - tajn a 2 



52 - Si. 



1 + tan «! - tan «^ 1 + s; $2 



respectively. 



V 

On pages 72-73, work problems 1 and 2 (do a, c, e,. & h of each problem) 5 and 10. 



V 



Self-evaluation " Objective 17.4 * 
4. Given the points Pi = (2. 1). P2 = (-2, -2), and P3 = (4.^1) determine: 

(a) a pair of diredH^ numbers for the line containing th^ vector f^] 

(b) the slope of the 1 ine containing the vector P2P^. * 

(c) the cosine of jthe acute angle e b€\tween the lines containing the 

vectors P2P1 and P2P3. 



id) the tangent of the acut^ angle 0 betwee,n the lines containing the 
vectors PiiP2 and'Pip3.'' • ' ^ 

{q is the angle obtained by turning a counterclockwise direction 
from the line whose si ope. is si to the line whose, slope is' S2) 
(e) If the lines containing the vectors PiPs'^nd PjPzilre perpendicular. 



53 
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Answers: 1. (a) [2, -2] or k [2, -2] for any k e R^' 

i , . (b) s » 1/6 . . , ' 

V ^ " ^JlLl^^ where u » [4, 3], 

!u| |v| V « [6, 1] 

S2 Si 



cos 6 



27 ' 

" ■ i ' 

5V3f 



(d) tah 0 = 



— - — ^ Si = s^lope of line containing, vector P2P3 
1 ■** S1S2 5, slope of line containing \tei|feor 

Si = 1/6 • 82 « 3/4^ 



tan 0 « 3/4 - 1/6 
- 1 + (1/6)(3/4) 

(e) no: S1S2 / 0 



14/27 



r «v 



4 



54 
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OBJECTIVE:' » • ' . ' ' , ' 

(a) ' Wipvte an equation in .any of the requested standard form0 (elope- 

intercept,, poin^^Blope, eta,) of the line which eatiefiea a gimn 
aet of donditione and eketoh' the graph. ' , 

(b) ' And givW an equation of a Vine, determine the following: (a) ' x and ' 

y intercepts, (h) slope, (a) direction numbers., (d) 2, points that ■ ., 
^ . lie on , the- line and Je), graph the line. 



Instructional Activities 




There are 7 different formsof the equation of a line (a 1st degree equation) 
which will be introduced in th^^is "section^ It js to your advantage be 
ablfe to develop any of the forms from any of the other forms. ITriome ' ' ' 
cases -the information or conditions given^will dictate the use of a particular 
form; ;you will need to recognize when eihe form is more advantageous th^n 
another. ' 



\ 



"^Read pages 59-61. "(Parametric Equations) 
It is important that, you real,ize that it takes both equations; 
x.r Xi + t A X and y = y^ + t a )I tc^define one line. 

*" . • ' / • 

' * * '■ 

Read pages 62-64. (Direction Number Form) 

To elimihat;e t from the parametric equations, solve the equations simultaneously. 
Ay (X = xi + t A x) 

rt^y^ (y = yi > ^ a y) 



X A y = xi A y +" t A X A y 
-y A X = -yj A-x - t A X A t 



titis f6rm Is 

very useful 



X A y - y A X xi A-y - yi a x[ 



'-if 



XAy-yAx XiAy-yiA 



AX Ay 



AX . Ay 
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AX 



Ay 



AX 



On pages 64-65 wonk pi^oblems 2 and 3 (a, c, &.e), 5, and 6, 



AX 



Ay 



y - yv 
Ay 



Read pages 65-68 (General Equation) 

In example 3-12 you are asked tO find a pair of. direction numbers of'the line 
whose eqliation is 2x -' 3y,+ 4 « 0. It is impfirative that you know the 'difference 

"between direction numbers for a Vine and the coefficient vector of the equation. 

• ■■ • . ■ I , ' 

The dir^cj;ion nuittbers for a line are the scalar components of a vector ON the 
line. (In the figure, the vector cq-u.) 

' The coefficient vector u = [a, b] is 

a vector perpendicular to the Tine. 

At this point it would be a good Exercise 

•- . f 

for you to compare the direction 
number form of the Equation to the 
gefteral form. 




Comparison: 

XAy-yAX^XjAy-ViAx 



Direction Number Form 
General Form 



The coefficient of x (a) In the general form corresponds to In the 

.A' 

dlrdctton number form. Th^ coefficient of y (b) In the general form ^ 
corresponds to "In the direction number form. , > 



'50 ' , , 



51 



17 ^tZ 



/ 



So the epefficteht; of x (a) and th^'cOeFflclenl: of y/gb) in tlk^eral fom * 
coriresponas to the coefficient of ^ (Ay) and the coefficient of y (-Ax)^'in' 
the direction qumber form. ' • •' 



§ince 1/ = [a, b] is a vectt^r-^rpendiguJar to the line ax + by + c =a o,, u = 

■« , '■ ^ ; 

[a. b] is perpendicular to every vector contained on the li^ne. One of the 

vectors on the- line would be the vector co-u » (see p^ge 48). 



Since cp-u = C-b, a] is a, vector on the'tine^, then , the scalar components 
of co-u must also be a set of directibn numbers for ;;h'e line ax + by + c = 

: t-b, a] = ' . ' ' 

AX = -b ' . 

Ay - a 

On pages 68-69, work problems 1» 2, and 3(do a, c> e in each problem), 4, ' 
6. li(a & c), 13, and 16. ^ . 

•On pages 72-73, work problems 3 and .6 (do a, c, & e in e^ich problem). 

'■ / ■ •• • .. ■• ■ ■ ^» 

Read pages 73-75 (point-slope, intercept, slope-intercept — don't rea'd 

the section on th^ normal form.)' /, 



0. 



Point-Slope ^ . . 

In section 3-7, pa.ee 73, in the first paragraph, sioce the slope of a line. 



s.'' Ay/Ax, leif AX =- 1, then s = Ay 
[AX,. Ay] » [1, ' 



Intercept Form Y 



Hence a pair of ^di reaction nuhiber§ 




In the first paragraph of section 3-8 
on page 73. .si nee h arjd |K are the x and y 
intercepts then 2 points on the line would 
be Pi « (h» 0) and Pg » (0. k). and the 
slope s \yould ber 



» •• . • ■ 

Answer; s«-k/h • • 

A pair of dlrect^lon numbers [Ax, Ay] would be . ". y . ■ 
The direction! numbers are th6 scalar components of the vector co-u 
A vector' perpendicu|,lar to the line wogld be u-a . 

The' eijuation of the line ax •♦• by •♦• c =a.O' where c ■ -axi" - byi and 

u * [a , b] = Ck , hi becomes « '* ' ' or kx hy « kh. 

dividing both sides of the equation by' hk yields: , ' 



x7h •♦• y/k = 1 Intercept^, form 



Answers: • Direction numbed: Ch, -k] , vector perpendicular: u « [k, h], 
equation: kx •♦• hy = -kh - h(0). 



SI ope- Intercept For|i ^ 

As in the point-s]ope form, a pair of direction numbers is [1, s] (where 
the slope of the line is s). The y-intercept is k, ience, a point on the 
Tine is P «,fO, k). . " 

Then using the direction number form, xAy-yAx = xiAy-yiAx 



the equation becomes 



. . ■ • ■ L. or sx - y « -k 



and solving for y, y = sx + k SI ope- intercut Form 



On pages 78-79, work problems l(a, b, c, & d),V2(a,,c). 12, 14'. 15, (HINT! 
Make use of the §lopes>of the lines) and 18. 



Read pages 75-78 (Normal Form) 

The figure 3-22 is provided for you on the following page so you can refer 

g 

jto the figure while reading the material on page 76. i(ttso prdvidbd is 

p. ; 

further explanation of the derivation of the normal form of the equation 

» ♦ 

of the line (corresponding to the top of page 76). * . 
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•Figure 3-22 




{*ormal (\%\\ 



Since cos 0 = V .1 
uTiv 



then cqs e = 



where u = OP = [x, y] 

V - 65 = [cos a , sin a ] 



and since cos^ a + sin^a = U , . co|s 0 = 

t 

and \/ + y2 cos 0 = x'cos a + y sin a 



BUT >fx2 + y2 = OP 

so, X cos "a + y sin a « 



4 



aJd since cos 0 = » ^^en |0p'|' cos 9 = iSR| = p 



HENCE 



X cos a + y sin a « p 



Normal Form^ 



Answers: Cx» yi) •^cos'a , sfn a ] 



^/x^+p* ^cos2 a sin^a 



+ y 



2 



5y 



S4 



Not1ce\he two condl^ons, (middle of page 76) thatt must be met before 
a linear equation is said to be In normal form. (Both must bfe met.) 
They are:' 1. ' 
2. 



r 



Also nbtlce that to change the general fonfi ax + by + c « 0 to normal form 
you musi change- the coefficient vectqr [a. b] to a unit vector «fo meet 
condition 1). ^ ' . 



Since - 



ax +4)y + c = 0 by 



Va2 + b2 Va^ + 



Is a unit vector, divide the equation 



Answer: /a^ + b^ 

or 

Hence: . 



X + 



Va2 + b2 ' Va2 + b2 



y = 



-c 



Va2 + b2 



To meet condition 2, the constant term was moved to the right hand 
side oT the equatbn. Also the constant term must be positive. This 1s 
done by introducing a constant 'term e ±1 . 

OR . , . 

b -c 



a 



e Va2 +,b2 



x +. 



e Va2 -f b2 



e Va2 + b2 



Notice 



eVjl+P^ * , e Va2 + b2 
W 



is still a unit vector for 
either value of e. 



01) 



-The value of e is detennined by the sign of the constant term c. if 
the constant term c (in the general fom) is positive, then e * = 

■ ■ ^1 

If the constant term c is negative, then c = ., 
Ansil/erst -1 , +1, respectively. ' - 

Read very q^refully the bottom paragraph on page 76 and fhe top of page 77. 

Since -180°£ a < 136^, (you should convice yourself of this by observing 
the figures below) notice what happens as the normal axis is rotated 
through the angle Oj< a < 180°. What happens when a >180^? 



17.-57 




1 , V • «r 

Sin a is positive when 0°<' a < 180°. (If sin a = 0, then « = 180° or 0°) 

a must be measured counterclockwise when sin a is positive. Since 
sin a isi-negative when -180°< a < 0°, the^Te a is measured clockwise 
when sin a is negative. • . . 



Cos a is positive when | « | <j 90°; then the angle « must be acute when 
cos a is positive. Since cos a is negative when 90°< | «! < 180°, the 
angle a is obtuse when cps a i,s negatlve.^cos « = o when «= 90° or -90°) 



In example 3-19 (page 77) notice that both conditions are met in the 
equation: 



[• 



is a unit vector, and the constant term is 
positive and is written by itself on one side of 
the equation. 



/jlso notice in example 3-20 that the equation -1/2 + \/3/2 y « 5 is 
in normal form while the equation x - VTy + 10'« 0 is in the gener^al 
form. 



ERIC 



On pages 78-l9» woH<^blems 3(a, c, e), lo'(a, b, c. d. g), n(a. c, 



e) and 20. 



6,2 
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1-7 -58 



I 
X 



. 1. Gfven |^fe 2 points » (-3, 2) and » (3. 0) writ^ the equation 
,] of the line through Pi Pz In all of the 7 forms and draw the graph 
of the line. ' " ' 



2. Given the equation 3x - 2y ^ 5 ^ 0, determine 

(a) the slope 
' (b) the X & y intercepts 
y (c) the'nonnal intercept (p) 

(d) a vector perpendicular to the lilie * - 

(e) a set o^ direction numbers for the line 



r : 
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'Answers: 

-2], hence Axv? 6, Ay « -2 
s * ^Ayy AX « -2/6 =• -1/3 

(1) direction number form > 

X A y - y A X Xi A y - yi ax 
x(-2) - y(6) ."^ (-3)(-2)-2(6) 
-2x - 6y = 6 - 12 
2x + 6^ - 6 » 0 

Notice the Coordinates of and Pi satisfy the equation, hence 2x + 6y -6 » 0 
is the required equation. , 

•'(2) slope intercept form 
2x + 6y - 6 = 0 
OR 6y = -2x + 6 

\ 

y = -l/3x +1 

OR 3y , -X + 3 - ' 



{3^ point slope form y - y^ = s (x 
Pi - (-3. 2) 
^ s = -1/3 

y - 2 « -1/3 (x -(-3)) 
OR 6y - 6 ^ -X - 3 
X -f 3y - 3 a 0 



/ 
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I (4) Interipept form, x/h ^. y/k 

f ■ " 
k « T (from equatibn above: y - 

V h - 3 / (Pa « (3. 0)) 

' x/3 + y/1 =1 

OR . X + 3y « 3 , * 

• X + 3y ~ 3 « 0 



/ 

/ 



(5) parametric form ' x - Xi + t a'x 

y yi + t A y 

AX = 6 

♦ 

Ay = -2 

Pi ' (-3. 2) 
X = -3 + 6t • 
. y * 2 - 2t 



, You should verify that the parametric form can be reduced to /he 
equatibn x + 3y - 3 = 0 by eliminating the parameter t. 



/ 



(6) normal form 



2x +^ 6y - 6 = b • 
2x . 6y 



. 6 



^22 + 6^ ^22 + 62 ^22 + 62 



^ x 6 
V40" V5o" V40 



vTo Vio vTo 



I 
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(7) general fortn ax + by + c » 0 

[AX, Ay] « [6. -2] so [a. b] » [2. 6] . Pj » (-3; 2) 
c -axi -bVi 
. ; . ■ c = (+2)(-3) - (6)(2) ' 
• d « 6 12 « -6 • ' 

ax + by + c = 0 becomes , v' 

2x + 6y ' 6 = 0 /• 



2. (a) -2y - 3x - 5 

y = 3/2x +'5/2 



X = 3/4 k = 5/2 



(b) y intercept (0, 5/2) 
X intercept "(-5/3, 0) 

(g)v 3x - 2y +. 5 = 0 
3x 



-5 



- VTTT , - V9T1 ' 
-3X/VTT + 2y/vt3" = 5/yiT 



(d) [3. -2] 



(e) [2. 3] 



p = s/Vu 



The Objective (a) of this unit states, "Writ^ an equation in 
any of the requested etandard fome of the line whioh eatiefiee a 
•given Qet of oonditione and eketoh the graph, " 



66 
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■ ' , ■ * 

I.n the .previous ipateriAl you have learned the forms' and how to ' . • 
wr^te a linear equation given soitie conditions. The conditions you 
have used, so far are: 2 points; a point and the slope » the s 
and y-intercept, direction numbers and a point, a coef/icient veejjor 
and a point, or joHie cOmDinatio*j of these conditions. " 

You might be asked to write the equation of line parallel or 

perpendicular to a given line" or to writeXthe eqVition of a line 

■ \ i- ■ ' ■. 

parallel to a given line and at a given dist^ce from a fi\6d 
point/ Another problem you might encounter is\|)at of writing the ^ 
equation of the line that bisects a given angle (where you know 
the equations of the lines f oping the angle.) in this section 
you will investigate. some of these conditions and learn how to use . 
them to write 'the required equations. " - ^ 

Read pages 80-81 (Writing equations of lines parallel or perpendicular 
to given lines.). , • 

r » 

In the discussion on writing the equation of a line perpendijcular to 
the .line ax + by + c - 0, the coefficient vector^ = [a, bj is 
perpendicular to the line ax + by + c = 0. Thereforoi the vector 

u =» [a., b] Is parallel to the required line arid the vector co-u 

. ■ ■ ■ ■ ' \ 

[-b, a] is ,,the coefficient vector for the required line. (The one 
perpendicular to ax + b:^' + c = 0), ■. \ 




In the fi^My )fn Ix ^y, +^by •+ c^»"0 

arid % be th6 equa ti on ',of the 11 hi 

■ V ■ . ,. . -. .(' ■■ ■■• ■ 

^ « Ifi^M]^ xj^erpend i cti 1 a r to 1 1 v . Jhe equat i cin of 

■ "%,.« ' ' . '. ' . • ' * 

I2 is Of the. form ~bx + ay =% « 

-u [ -b ^ a j is thjft coef f Ic i en t 
vector for ^2^^ ^Ince. Ui . yi) is a pi 

.... ■■ , ■'' • 

on,' l2 , k =^ -bxi + ayi . , ■ ^ " . 

* * ■ . ^ 

' Hence: 'bx + ay « -bxi + ayj /OR 
'1 ^' bx ay = .bxi - ayi , 



'You may also use the direction number form, si nee u = [a, b] is'v 
■■ parallel' to £2- u is a pair of direction numbers for £2- aid 
" X A y - y'A X = xi A y - yi A X 

Hence ^ • '* " . 




Answer ^ bx - ay'= b)^i - ay'i 



On pag6 81 -82» work problems l(a, c), 2U,. c), 3(a, c), 4(a, c)i 5 
and 9. ' ^ ^ . ' 



{ 
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-Sdlf -evaluation 
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1. Find an equaJtion of the line that passes through the pQtnt 
' (5.'rl) 'anc| is parallel to the. tine 4x^/ 3y /l.' * , 



Find an equ^tiiti/ of the ,1 ine that> passes' through, the poiq.t 
(2, -1 );;e^Hd Is perpendicular to a, line whose slope is 3/2. 




''t' it) 



i 



^ » 



7 ,) 



J 



V 



■.A • ■ . 

I 

Answers : . ' . 

1. The equatjon Is of the form ax + by * k, and since the line 
passes through the point (5, -1), then k » axj \ byi sO k - 
4(5) - 3^-1) or k » 20 + 3 = 23. Therefore, the required equation • 
Ms 4x - 3y « 23. 



Z.^ The slope, of the given line s » ^ = — . Therefore the 

- AX 2 

slope<^of the line perpendicular to; the given line will be -2/3. 
A set of direction numbers for the re.quired^ine is C3, -2] ar.'< 
the equation . 

o ■ " 

» . X A y - y A X A xi A y -^y^ ax " - 

becomes • % r - ' 

. -2x - 3y.= 2(-2) - (-1)(3) 



or 



2x + 3y = 1 



Read pages 83^5 (Distance from a point to a line) 



In the second paragraph, oag^ 83, axi.+ byi 4 c / 0 becnujje only 

. points on the line s^isfV the equation of the .line. Notite that 

the distance from a |3oin* to a line is perpendicular distance. 

■ '.V . ' . ' > 



On pages 85-86, work problems 1, 3(a, c), 4(a, c) (Hint, since 
parallel lines are everywhere equidistant the distance ffom ANY ' 
POINT ON ONE LINE to the othen^JIne is the] distance between 2 parallel 



17-66 



Self^'evaluation " 

• T. Find the dl-stance from the point P - (3, 5) to the line 
2x - 5y - 1 « 0. 



« 2f Find the height of a triangle whose base lies oo; the line 

X + y « 2 and*the vertex of the angle opposite the base Is at , 
the point (5, 4).' . ^ 

3\ Write the equation of the line parallel to the vector u = [4, 3] 
and at a distance of 4 units fr^ the point (-1 , -2) . 



66 



Answers i 



1. -fi « " 5(5 ) - 1 ^ 
V9 + 25 



2. 6 



3. 



5 + 4-2 
+ 16 



7/VW ^ 




The equation of the line is 
ax + by + c » 0, Where [a, bl » 
[-3, 4] and 

axi + byi + c 



i I > I i I 




where 6 



so, ±4 « 



Va2 + b2 

-3(^1) + 4(-2) + c ^ 3 



V9 + 16 



Hence, the equations of the lines are 
-3x + 4y - 15 * 0 OR 



'3x + 4y + 25 = 0 



OR 



20 3 - 8 + c 

-^0 » 3 - 8 + c 

= 25, -15 

\ - 4y + 15 = 0 

3x - 4y - 25 « 0 



Read pages 91-93 (Equations of the bisectors of angles). 

Writing the equation of a line that is an angle bisector is a direct 
application of finding the ^Istance from a pqint to a line. 



■72 



67 



17-68 

In the first paragraph on page 71, if 
Intetj^sect In a unique point. I . 



ai bi 

32 b2 



f 0, then the lines 



The figure below is th6 same as figure 3-32 in your text with the 
other angle bisector included. 



7 



68 



For the point P on I2 (in the interior of th$ obtuse angle) RP 

and the coefficient vector u and mF and -the coefficient vector v 

are both parallel in the opposite sense, therefore the equation of 
£, is ai^i biYi + ci , ajx, + b2yi + C2 



'32^ + b2^ 

For the point P on £i (in the interior of the acute angle) 
and the coefficient vector u are parallel in the same sense and Mp 
and the coefficient vector v are parallel in the opposite sense. 



Hence the equation of l\ is 



a/Qi^ + bi2 



a2Xi + bzyi + C2 



7 

In example 3-26 the origin is contained in the interior of the 
angle but is pot located on the bisector of the angle. • 



Prob'lem 3» page 93, is begun below: 




Find an equation of the bisector 
' Of the ojbtusQ ang]e between the 
lines X - 3 = 0 and 3x - 4y =' 0. 
The coefficient vector u for x - 3 =» 0 



X Is 



The coefficient 



vector V for 3x - 4y « 0 is 



Answers 



wers: II, 0], [3, -4] , respectively 



74 
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since eind Rp are parallel 

in the opposite sense (see figure?) 

to u and V, the equation is of the - 

fonn 

aix + bjy + cji & x + b y + c 



or • ' . 

X - 3 3x - 4y 

VT * V?? 

Hence the required equation is 
2x + 4y - 1 5 « 0 



On pages 93-94, work problems 1, 2, 6, and 12. 



Self -evaluation 

1. Find the equati'on of the bisector of the acute angle formed 
by the intersection of the lines 4x - 3y + 3 = 0 and y « 0, 



2. Prove that the angle bisectors of the triangle formed by the 
coordinate axes and the line 3x - 4y + 12 = 0 intersect In a. 
point. . # 

I ■ ■ 



V 



?5 



70 



Answers : 



1. 




u » [4, -33, V « [0, 13. Hence, RP , 
and u and MP and v are parallel in the 
same sense so the equation of the 
bisector is of the form 



aix + biy + ci = 0 



or 



3x - 2y + 3 
V16 + 9 



3.2^ + + C2 



. VT 



5x + 2y - 3 = 0 



2, See your instructor. 



1^ 



I 



I 
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Unit 18 CONICS 1^-1 

Rc^tionale : -. 

You have seen that the graph of a finear function ax + by + c = 0 
is a straight line. A natural step, would be to. consider the graph of 
- second degree equations. When this is done, it is found that four new 
types of curves appear as possible graphs of such functions. TNese 
carves, the circle, ellipse, hyperbola, and parabola have been known and . 
studied by frlathematicians since ancient times. Collectively, along with 
certain combinations of two straight lines, they are called the conies or 
cbnic sections. 

Conies also serve as mathematical models for many scientific 
applications.. For example: 

(a) The j)ath of the projectile from a gun (or a suborbital 
rocket")^ when acted on by gravity alone, is a parabola. 

(b) The orbits of the planets and their satellites are ellipses. 

(c) The orbits of comets are either elliptical or hyperbolic. 

(d) If the weight of a roadbed suspended from a cable and'the weight 
of the cable are uniformly distributed horizontally, the cable' 
assumes the shape of a parabola. . 

(e) III the construction of bridges, elliptic arches are used as 
well as parabolic arches. 

So let us begin by defining a general conic. 

Objeattves: 

18,6 Sort Qonioe by name given the' equation enablere^ or graph. 

18.4 For a hyperbo^, given a. set of oonditione, wrhe the equation in 
simple form, determine the enablire pertaining to that oonia 
(a, o, fooat point, eta.) and graph the oonia. (The oondition oan 
inolude the general equation. ) , 



/ 



. 18> 3 Fop an ellipae^ given a aet of oonditiom, wyit'd the equation in . 

ample form determine th^ enahl eve pertaining po thai! oonio * 

.o, focal points eto.) and graph the oonio, (The Qpndition oan 
include the general- equation. ) 

28.2 For a parabola^ given a aet of oon^itiona, write the equation ^ 
in simple form^ determine the enablere peratining to that oonio 
(a, c, fooal point, eto.) and graph the oonio. (The aondiition oan 
include the general equation.) 

. ^ 18.1 State the definition of a oonio and apply the definition to 

determine the equation given the focal point (a), equation of the 
directrix and eccentricity. 

Prerequisites : 

Unit 17, Unit 14 (Linear Algebra -- Objective 14.4 Solve d system" * 
of three linear equations using Cramer's Rule.) 

t 

Unit Activities : 

Lectures 3, 4, and 5. . 

The lectures over this unit will have the following outline: 

Lecture 1. The parabola 1 

.A. Definitions - parabola, and terms: focal point, focdl radii, 
latus rectum, etc. 

B. Determining enablers and graphing 

C. Determining the equation of parabola 



Lecture 2. The ellipse ahd circle . ; 

A. Definitions - ellipse, circle and terms: center, focal point, 
directrix, radius, etc. . 

B. Determining enablers and graphing 

C. Determining equations 

■ • •• 78 

74 . , , 



Lefcture 3. ; the hyperbola 
/ • . A. Definitions - hyper^la and terms: center, major^xis, focal 
chord, etc, ^ - 

• B. Determining enablers and graphing • 

C. Determining equatiojRs 

D. Asymptotes, special hyperbolas (conjugate and equilateral 

Procedural Operations ; 

In this unit you have the same options as* in Unit 17. /tfter 
. objective 18.1 you can go to 18.2, 18,3 or 18.4, but you are advised 
to follaw the sequence 18.2, 18.3, and 18.4 because this order follows 
the arrangement of thej^xt. Below is a graphic representation o'f the 
order ojf the objectives: 



Average time: 3 weeks 




7V 



% 



ObjeoHve 18.1 

State the definition of a oonia '^n^ apply the definition to determine 
the equation given the fooal point (q)^ equation of the direatTix and 



eaaentrioity. 



Activities 18.1 (1 is suggested.^ 
1. Your Text and Study. Guide 

Morrill, W, K, , Analytic Geometry > pp, 138-T39 



7 

2, Individual Assistance ' - 

3. Informal Group Session 



.4 



V . 



Self-evaluation Objective 18.1 

1. If the eccentricity of a con>c is- 5/4, the donic'is a (an) 

2. Derive tfw^ equations of the following conies: 

(a) e = 2/3. f = (6, 0), equation of directrix, x = 27/2 

(b) e - v/2, F = (0, 2), equation of directrix, y = 1 



i ■ 



■ . ' 8{h 
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Answer: ' . 
1. hyperbola 

2' ^ + "ir ' ^ ^ (b) -f- - -f- 1 




,2 



18-5 



J 




.V. 



/ 



■-/ 



Si 



erJc 
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" V '..it 

Objeobioe ^ 

• (For . a pcipahol'a) Givdn a oat qJ' oonditiuna, detemim the embtera 
pertdinuig to thit aonia (a^ C\ joaal pointy etOi ) wHte the equation 
_ ' in aimple form, and gvaph the aonic. (The conditiono, oan include the 
gene ml equation. ) ' . ' ' ' * ' ; 

Activities - Objective 18.2 (2 and 7 are suggested) . 

1. Your Text . . „ ^ 

'. Morrill, W. K. > Analytic Geoiinetry , pp. 22-23 (Symme'tryt pp. lf2-n4 

(Symmetry) pp. 142-147. ., ' - . , 

' ■ Exercises: p. 23, problems X and 3 

pp. 145-146, problems 1, 3, 4, 7(a) arid 8(aj ' . 

pp. 147-148, problems 1; 3(a, b, c, f( and .7 
• - ' pp. 151-152, problems 4(a), and '9 

2. Your Text and the Study Gu'ide ' ' ' ' . . 



3. Solved Problems 




SChaum's Outline Series: Theory and Problems of Plane and Solid . 
Analytic Geometry , p. 47, problems 1 and 2, p., 48 problem 4, 

* ^4. Other Reading Sources > • 

Ful ler, Gordon, Analytic Geome try, pp. 54-58 (Parabolas)' pp. 61-62. 
(Symmetry). . ' / 

Murdoch, David C., Ana1>\i cJ ^eometry , .pp. 127-129,, 

Prot^ Morrey, Analytic g&om gtry. pp'. 103-105 

' 5.,. Individual Assistance -. , . 

Your instructor' is available -- use this source of information when 
you. need help. A short visit can probably help clear up many of 
your problems. , 

6. ' Informal Group Session , 

. ■ ' r,/ :' — ■■• ■ ^ ' • • 

* ■ ' ■ ' . • • .•. 

7. " V lecture 3 "(Parabola). . . 
the l,ecj;ure' s.chedule) - - . 



;,:^elf-eya1u'atlQ a>, Objectfve 1 8.2 . - ' ' >.' 

; ., .1.. .'Skietch tr^e imag'e of the f(^ lowing, set of , points .with respect to the 
^ - y-tii^iS' \ , (Use space on tb:^ following patiej ^ . 



t» If 

'ft ^ 



. I I ' .'l 'I I >■ 



6 



•D 




2, Show 



thartr^he /curve whose equation is ^ 8x is ml symmetrfc 



with respect to the origin 



.-a 



•V 




^ « TV. • - . ■ I 

^ .„•■■■ V ■ 

3,i> Match tfie equations of the directrices Jo the. proper equations, 

. ■ '■ • /f ^ * ■ " . . ... .. 



'2-/ X = 3/2. 



(b) >2 = 4^x ./ ; 



4 A. 



^(d) /x2 "i- .4ay^. 



3- y -2/3 
4. "x = -4. 

cohclit?ipn§r determine, the value bf a, dete'mnne , 
the equfitton-'of'the p^raboJa that satisfies those conditions, and 

• ^* , ' 

* .' - ■ ^ . -1 ' 

the graph of the ^r^abcjjlA.. r% // 
t^i) tlie vJ^.tex is a>0,'0) and* the. focus is at 0) ^ 
° (b) Orte df -the coordinates 'or°J[;he irjtersectfo^ of the, parabola 
and its lat'lisVectum are (-4^ -2) and^'tfiir. aX*is of symmetry 
Ms the j-axts, and^.thGL vertex is' at the, origin. - 



' 5. Discuss* and s|<e|t^h thQ curvfe * 37x' « 6, 

^"Discuss" means to g{v^the coordinates of- the v^r>ex'>yitoc1isi' arid'en<:i • 
points of the latus recj;um^dndjin.e(jM.at1on.of the* dlrMtHx'. . / v , . 



;eric ■ 



3 



/ 




1.^ 
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1., 



I * 




I. 

2 
3 



d 
c 
a 



V 



... / 



i II — >■ \ ) I 



" ■ . (a) 



2» ^ "Replace x With -x and y with -y. 
. y2 -ir-Sx ? (-yy^ 8(-x) 
'„. -y2 = 8x ■ j^- y2 -8x 
Henc^, Jhe curve is not s'ymmetric 
wit|i respect to the, 



e^rigjn. 



^ = -4ax 



y 



y2 = '-12x' 



i 



= 2 



x2 = -4ay 
1(2 =-8y ' 



4 - b. 



^ 5. 2y^ - 37x = 0 



y = 37/2x . 



^Hence, 4a - 37/2. and a = 37/8,, the parabola opi^ns to- tt\e rights 
coordinates of th'e focus are (37/8» 0) „co'ordifiates of 'the end)'. (Joints 
„of the latus rectulTi are 37/8, ,37/4) and (37/8V -37/4) , equation of 
"th^ directrix is x ; -37/8^ 



«o 




...\, 



J 



, ; — — 

(For an elUpee) Given a set of oofiditionBy determine the emhtera - • 
pertaining to 4^he oonio (a, fooal pdint, eto.) {frite the equation 
in Simple forniy and graph the oonio. ' (The oonditione oan inolude the general 
Bibat&^ent. ) " i • • . " ,\ 



Activities - Qbje ^ ctfve ^8.3 (2 and 7 are suggested) « . 

1. YourAfext ■ .y ■ 

Morrill, W. K. , Analytic Geometry , pp. 153-163i pp. 165-166 (Method 1) 

and the Study Guide Task 6 (Equation of ^ Simble Circle:). 

Exercises: p. 157. problems 2 and 5(a, b, c d) 

pp. 158-159, problems 1, 4-6 

pp. 159-160, problems 1,3,5 ' * 

pp. 163, problems 1(a), 2(a, c, g);^ 3(a, d, f, g, h,. 1), 

• 4(a), 5 and 7 



2. Your Text and the Study Guide V . ' ' 

3. Solved Problems 




Schaum's Outl ine, Series: Theory and Problems of Plane and Solid 
Analytic Geometry , pp. 52-57^ problems 1, 2,. 3, 4, 8, 9, 14, 15, 18, 

4. Otherv reading Sources 

Prottert Morrey," Analytic Geometry t pp. 114-120. 
Murdoch, David C, Analytic Geometry, pp«. 119'-122. 
Fuller, Gordon^ Analytic Geometry , pp. 66-69." 

NOTE: All three of thfese sources use a, different definition for ar) ellipse 

than yoi>r text. Theinr definition is proved as a theorem (5-10) in your text. 

5. Individual Assistance '" • 

6. Informal Group Session 

^ . ■", V " ' 

" - 7,. 4«e&tuPG 4 (ilHpse &-G4rel^) (See the lecture schedule) ^ 

V 

3elf-evaluajtion •> Objective 18.? * 

■ 1. Use the string, tacks and cardboard (In the envelope on the back 

cover) to construct an 'ell1pse>h9se equation is: ^ + - 1 . . 



^8-10 



2. Discuss* the ellipse whose equation is 16x2 + 9y2 , 144 sketch 

■\ it 



the graph . ■ 




i 



3. The earth's orbit is an ellipse with the sun. at one of the foci. If 

• *- the semi-major axis of the ellipse is 92.9 milli6n miles and the eccentricity 



is 0.017, find the greatest and least distance of the earth from the 
t 

sun. •■ 



\ 



*"Discuss" means to ^e- the coordinates of the verbx,foci, the end points 
of the latus rectum, intersection of curve and minor axis, and equations 
'.of the directrices. ' • 



8f; 



ERIC 



82 



Answers : 

jt " ' 

1. See your instructor. *| 

2. "^uatton is of the form: +— « 1 , a - "4, b ~ 3, c = /7/4, 

coordinaJ:es'of foci (o//7~), (0, -/7), coordinates of vertices, 
(0, 4), (0, -4), equations of directrices, y = ± 1^ , coordinates 
of intersection of curve and minor axis (3, 0), (-3, 0). • . 

3. (94.5, 91.3) million miles 



18-12*' 

(Fov ^bhc iiyparhoLa) diooi a dcL of oorulitiom^j write the equation in 

nimpLe form, dctevmino the emb Leva 'pertaining to that conic (a^ Cj focal 

pointy etc.,) and (jvaph the conic. (The conditions can include the 

general equation. ) . ' ^ 

.. 

»» 

Activities 18.4 (2 and 7 are suggested] 

1 . Your Text; /• 

Morrill, W. K. , Analytic Geometry, pp 168-182 

Exercises: p. 170, problems 1, 6(a, b, c) 

pp. 1 75-1 76, problems l(a, b, c), 2(a, c, e,^f, g, h, m, n), 

• ^ .7,8,11,13 

pp. 1 78, problens 1,4,6 
p. 180, problems 1,3 

pp. 181-182, problems 1 (a, c, e), 2(a, g, i, o, r, k, u,, 

, w» and y) 

2. Your Text and the Study 13uide. 

3. . Solved problems : ' < 

Schaum's Outline Serie?: Theory and Problems of Plane & Solid . 
. Analytic Geome try, p^. 60, problems 1, 2, 5, 4, 7, 8, 12, 14. 

4. Other Reading Sources: 

Fu>ler, Gordon, A nalytic Geometry , pp. 73-79 
Protter-Morrey , Analytic Geometry, pp. 124-131 ' 
Murdoch, -David, An alytic Geometry , pp. 123^126 " i 

Notice that the equations in the above material are developed from a" 
different defin*ttion than, your text uses. The definition used in the 
above sources is prpved in your -text as a theoVem, 

5. Individual ^Assistance ♦ 

6. Informal Group Session" - 
■ 7. Lec,ture 5 Hyperbola ^ - . 



Self-evaluation - Objective 18>4 * 

1. Discuss the following conic, x^ - y2 = 25 , - ' . 

■ 2. Write the equation of the hyperbola with-^ts center* at the origin, 

transverse axis on the y-axis, eccentricity 2/3 length of the latus 
rectum 18 .and sketch the curve. 
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swers: 1. Vertices (±5, 0), foci (±5/2. 0). e « Z?, latils rectum 
, eqij^tion of as^ptotes ^ y = ± x, 2. 121y2 - 11x2 = 81. 



0 



pbjeative 18, b # 
» SoY't ooniat) by. mma given the equation, embLsra ov the .gr<^h, 

r 

V ■ 

Activities 18.5 (2 and 3 are suggested) 

1 . Your Text 

Morrill, W.K., Analytic Geometry, pp.* 185, 
^ . Exercises: p. 1(86, problems 1 and 2 

2. / Your Tpxt and Study Guide 
3j. Individual Assistance 

, 4, Informal Group Session" - . ♦ 

Self-evaluation - Objecfenve 18.5 

1. Fill in the blanks below. See (a) «s an example 



' 4 



Name 'of Conic 



. Graph 



Equation 



Eccentricity 



pavabd la 



ell ipse 



y^' - 4ax 



i b^ 



= 1 



e = 1 



pcirabola 



Answers: 

Self-evaluation - Objective 18.5 . ' 

Till in th'e.'blanks below. See (a) as an example. 



Name of co.nic 



Graph 



Equation 



Eccentricity' 



parabola 



ell. ipse 



parabola 



circ 











Yv — 











a2 ■ b2 



x-2 = -4ay 



x2 f y = ^2 



e < 1 



e = 1 



4^ 

e = 0 



I 

parabola 




ellipse 




1 

b2 a2 



e < 1 



- hyperbola 



> b2 



e > 1 



it 



I 



parabola 



y2 « -4ax 



e = 1 



hyperbola 
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a2 b2 



= 1 



9^ 



e > 1 
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18-18 

• 4 • Unit 18 CONICS 

It . ; ,v 

(* 

Rationale: ' v 

You hav^ seen that the graph of a linear function ax + by + c = 0 
is a straight line. A natural step witild be to consider the graph of * 
second degree equations. When this is done, it is found that four new 
types of 'curves appear as possible graphs of such function^. Thes.e 
curves, the circle, ellipse, hyperbola, and parabo-la have bgen kn<j)wn and 
studied by mathematicians since ancient times. Collectively, along with 
certain combinations of two sti^aight lines, they are calle4 the conies or 

> 

conic sections, , s . \ 

Conies' also serve as mathematical models for many scientific 
applications. For example: 

(a) The path of the projectile from a gun (or a suborbital 
rocket), when acted on by gravity alone, is a parabola. 

(b) Tf|e' orbits of the planets and their satellites arg ellipses, 
. (c) The orbits of comets are either elliptical or hyperbolic'. 

(d) If the "Weight of a roadbed suspended from a cable and- the weight 
of the cable are uniformly distributed horizonta-ll^^, the cdbli ■ 
assumes the shape of a parabola. \ ^ 

(e) In the construction of pridges, elliptic arches are used a^ . 
. " ' . ■■ 

well as parabolic arches. ♦ . 

So let us begin by definfjIfNl general conic.- . ' ' '.' . .". . 

Obj^otivGB: 

. f . ■ ■ ■ ^ . 

16, 5 Sort Qomoh by name given the equation or enablers^ graph, ' 

18.4 For a hyperbola, given a set of conditions, wtite the Equation in - 
simple, form, determine the enablers pertaining to thai oonio \ ■\ 
(a, o, foaal point, eto*) and graph the oonio. (The QC>ndi'tion aan, 
inotude the general equation. ) 



1$.3 For an ellipae, 'given a eet of, QpnditionQ^ w^ite the equation in ■ 
eimple fom determirte the enahtem pertaining to that odnio 
(a» o'y fooal pointy 'eto.,) and graph the oonio. (The condition oan 
include the general -equatihri. ) 

• p . * .■ ' ' • • 

18.2 For a parabola^ given a set of conditions ^ write the equation 

in eimple fdrm^ determine the endhl'ers pertaining^ to that aonio 
(aj, Qy foaal pointy et.) and graph the aonio.- (The condition oan 
• include the general 'equation. ) . ; * ■ 

18.1 Staje the definition of a aonio and apply the de^H^i^ion to 

■■ determine the equat^ion given the focal point (e) , equation of the 
directrix and Sccentriaity. . ' ■ 



I 

Objective 18.1 General Conies • P 



Objective: 

\_ ■ - . It 

'State the definition of a donic and apply the definition to determine 

the equation given the focal point (8)^, equation of the directrix, and 
■eccentricity. \ ' , 



Instructional Activity - Task 1 " ^ ^ , 

Read pages 138-139. ■ . 

■ * - V 

Denote tfle focal point of any conic by F, any point on the conic by P, 
the projection of P on tjie directrix by D, and thfe eccentricity of the 
conic by e. . . " ' * 

. You sfiould be able, to translate the verbal definition, into a mathematical 
statement. Try it below: ■* - 



y ,-_-.-"f/T''y > F" ■.. V " . UUIA; Mi I 



... Answer:.: The dht.anc^; 4oi.n any point P. (x, >) toU 'f i:)«,ecf' poiiit can be 



«.. '/ 

//': 



; ' The' dis^Uhce'trom.;a.hy po P(>«, .y) to'a* fixelTfno can be denoted by IDPL ♦ 

it / ^ \ ■ -v , • . ■ . \" 



jFPl 
|DP|. 



See the. drawings below for a parabola, ellipse^rid a hyperbola 



' / 

/ 
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I. 




Hyperbola 
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v"Jv 



/'Dihectrix 


■ .p.- .. V 


,\ 








F 




6 1 

„ / 

t 

* 


I * ^ 

' . ■ 

y . . - * 

El1 ipse 



j8-2a 



So to" determine the equation by applying the definit^ion of a conijc . 
you must set |FP| (the distance from the focal point to any point 
.P(x> y) on the coni'c) equal to e|DP| (the eccentricity times the distance 
from-^any point P(x, y) to the projection of P(x, y) on the directr'ix.) 
This is an application of, 2 tasks in Unit 17 (the distance between 2 - ., . 
points, Objective 17.4, and the 4tstapce from a poi«t tO'ai lirteTObjeetWe ITiry.- 



Exaim^les: • " 

Determine the equation of the following conies"; • \ 

"... ■ ' • i 

(a) e = 1, F = (-2, 0), equation of directrix: x = 2 

(b) e = 5/3, F = (0, 5), equation of directrix: y = 9/5 

(c) e = 1/3, F = (3, 0), equation of directrix: x = 27 

\ 




Since e = 1 the conic. is a 



|KP| = e|DP| OR |FP| = 1 |DP| 
|FP| = -(-2))2 + y - 0)2 = 
1^1 = 1^ - 2|. = 

vr . — — ■■ — 



|FP|.= |DP| 



V0< + 4-y2 = J,^ - 2| ^ . . 
( 5)^(x 4- 2)2 4- y2)2 = (|x. -2|)2 

(squaring both sides) 
Hence the equation of the parabola is: 



Answers: parabola, ^{){ + 2)2 ; |x - 2|, y2 = -8x, respectively 



I 



(b) The drawing isn't necessary* so' it will" be omitted in this example. 
Since e =.^/3 the conic is a 



|FP| = e |DP| OR . |FPt = 5/3 |DP| 

|FP| =■ 0)' iy - = 

/ - 
25 



TP viSiL: Ji.. -- I 5y-^ 91 

. 5 



|FP|. = 5/3 |DP^ 



& = (0, 5) 

y * 9/5, equation of 

. directrix OR 
5y - 9 = 0 



squaring both sides 



\ 



r 



Hence* the equation of the hyperbola is 



; . Answers: ^hyperbola* ^x^ .+ y2 - foy + 25, 



x2 



= 1 



94 
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(c) Slucfe e « 1/3. the conic is a (an) 



|FP| ^ e|DP| . OR |FPr« 1/3 |DP| 
|FP| « 



|DPi 



|FP| =-1/3'|DPl 



F = (3,0) . . 

y = 27 equation oiF directrix 
OR y - 27 <= 0 , 



Hence: 



r 



i 



Hence the eqution of the ellipse is 



Answers: ellipse, ^(x - 3)2 +^2 ^ „ 27| . + 




18-24 



Self-evayjation 

1. State the definition of a conic (general conic)-. 



■ tr 



2. ' If the eccentricity of a^conic is 3/4 the oonic is a (an) 

3. - If the ^ccentVic-ity of a conic is 3 the conic is"B(an) \ 

4. " If the eccentricity of a conic is 1 the conic is d(an) 

5. Derive the equations of the following conies; 

(a) e = F = (0, .2) , equation of directrix is y .= 1 . 

(b) ■ e = 2/3, F = (6, 0), equation of directrix is 27/2. 

(c) e = 1, F = (0, -3), equation of directrix is y = 3. 



\ . 




/ 



Answers: 

*1^^«?:g^e bottom page 139 General D^fi-nition of a Conic. 



r 



ell ipl^ 
hyperbola" : 
parabola ' * 

.(a) |FP| =V(x - 0)2^+. (y- 2)2 



|DP|'=i^LJLJi 



|y.: 11. 
i 



y r . ^lyyT~^^yW^ = /2 (|y-l|) / 
.. CsTi^^TTTT^TTT)? = (/2 |y - 1|)*2 

, ^ \2 4^y2 - 4y + 4 = 2(y2 - 2y + 1) 
x2 y2 « 4y + 4 2y^ ^ 4y + 2 



X2 , y2 = -2 



^X2 

2 



■2 ■ 



^ =^ 1 {hyperbola) 



(b) |FP| = J(xi- 6)2 + (y - 0)^ 
, |FP| = 2/3 |DP|, ' " 



|DP| = 




|2x ^- 271 



12x +,36 + y2)2 



(2/3 



( 

x2- 12x/^36 +y2.= •^^^^.^Q8x -^ 72^^ 
/9x2 - 108 + 324 + 9y2*= 4x2 - 108x + 72i 

; . ; ■- ' • • ■■ 

,5x2 ^. 9y2 =, 

V 

5/405x2^+ 9/405y2 =,405/405 

\^.^enipse) 



2x-i7|v2 



x2/81 + y^/4;5 ^ 1 



|2x - 27| 



er|c ■ 
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(c)^|FP| -^;(x - 0)^ + (y - + 3)2 



I DP] - \r- 31- 

, |FP| = 'l|DP| . 
>i'x2 + (y + 3^2 



3|' 



= |y ^ 3| 



( y2 .f 6y. 0)2 (IV -31)^' 



X2 + y2. •+ 5y + 9 



r2 _ 



6y + 9 - 



•12y (parabola) 



•V 



10 



o 
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i 



/ 



Objective 18.2 »( Parabola ) ' 



Objective 18.2 ' ,^ 

(For' a parabola), ■Given a 8&t of QpnditionSy write the equaffion 

^ _ in simple form, determine ti^d enablers pertaining to that oonio 

, "-^y foaat pointy et'J^. ) and graph the oonio. (The condition 

can znolud^ the general aquation.) ^ 

: . ^ ^ f 

f 

Instructional Activity Task 2 (Symmetry ) 
^ jfead- pagQS 22, 23 (on Synmetry) and work the Problems 1 and 3 
on, page 23. _ , . " ^ 



Self-evaluatioh 

*^ 1. ' B is the image ot AljDrovided C'i's the 
the segment joining A and B. 



of 



^ 2. .. Sketch the .image of the following points Pj and P3 
Withjespect ,to the given'paint .B. 



\ 



» > ( I I I 



A » I 1 ( 1 I- 



3 . 'Sketch • the 4ni8ige^ of t h6 ■ fbl T6'WtrTg*-poipts P^' ; :P 2 and P 3- 
with r^Sf^^^t to the lin'e'l. 



4/1 I II 





4. 0 If the f 0.1 lowing line segment^ Pj P2 and P'pR'2 are 

images of- each other sketch the line 1 that i$ the axis 
♦ 

of symmetry. . „ 



NOTE: Remember Pi P2 and P'f •P'2. are sets. , of points 
hence P'l is the image of^P.j' a>id"P'2 is the image of P 

Likewise any point Pi on. PjP;^ contains an im&ge P'#. on 
p t, p I • • i • 




>■ ' I j l 1 H-4- 



: V 



p. 104 , 



Read pages U2-114^/^'<Symmetry) ' 

Example^ 1 . • ' ' ^ \ \ 



Show that the parabola 8x' sytmietriG with respect to the 
• X-axis but 'not with respect to the orjigin. ^' 

♦ * ■ ^ • 

Solution : (a)' a curve. 15 symmetric with respect to the x-axis 

* N 

prbvided f(x/-y) = P is equivalent to f(x, y) =-0. 

• ■ ' ^ ■ ■ . ■ ^' ' ' ' ■ ■ , . % - , 

If y-ou replace y with -y in the equation'' y2 = 8x the resiilt is 

(-y)2.= 8x oV- y2 = Bx: ^hence the, equatiohs are equivalent and the 

, parabola is" symmetric ^with respect to the x-fxis. / . 

(b) If the curve is symmetric with respect to the origin provided 

f(x,'y) = 0 and . / are-igqulvalent : Replaci.ng x with 

-X and y with -y in the equation -y^ = Bx yields / ' . 



Hence the curve is- not symmetric with respect to the origin. 
Answers: f(-x, -y) = 0, y2 = -Bx. " 



Self-evaluation • . , ' , . ' 

1. Show that the- ellipse x^ + ^ . is symmetric with respect 

- 16 9 " . .V. > • 

• • to the (a) origin, (b) the x-lixis, (c) and the y-axis.. 



Answer* : 



J 



Ca). Replace x with -x and y with -y. 
(-X? /16 + (-y)2/9 - 1 OR X ^*16 + y ^9 - 

• ■ t . • 

(b) Replace y with -y. ' * 

x'2/16 + (-y')2/9 ^ 1 OR x2/l6\ y2/9 = 1 




(c) Replace ^ with -x. 

(-x)2/16 + y2/9 -iVOR x2/16 + y2/9 = 1 
r 



v6 
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Instructional Activity ' Task 3. (Deriving equations ) 
Read pages 142-145 " 

You should notice that you only need to know two pie^ei^o,f * 
information in or(;ler to wr^ite the egiiation of a simple parabola, 

1. ' you^ust knoufc«fel<i% valtt^ of a ■ " 

2. . you must know how thfe curve is located wx^respect 
' . -to the axes, (it- /©pens up, down, right or left) and 

the. eorresppnding equation. 



•ERIC 



If you knpw tl:^e focal point, this, gives you bo.th pieces of. infonrmation, 
(The coGl^dtnates of the focal point are F = ' 



'r F = 



hence the location of F tells you how the curve is lociitp. 



Answers: (0, i a) or (± ajj) 



107- 



, a: 



403 



If j^pu know the equation of the directrix you also have the, needed 



• '.\ inforijiation since the equation 'of the 'directrix is either 



\ 



or 



Answers:' y = ± a or"' ^x ^ ± y 



, Do the following exercises on page 145-146 do problems 1, 3, 4, 7,^ 
• - (a) and 8(a). - - . , ' • 

• • . ■■ ■ ' ■ " ■ / ' : 

••■"'"■' '■"'■'Exercises: • t ' ., I 

1. Metch the. following focal points to the proper .equations : 
' ■ (3. 0).^ -(a), x2 + 4ay . ^ ' 

' '^ 2. (0,-2) >(b)'' y'2^'= 4ax' ' ' V.^ 

3. (0, 4)/ ' , _ - • (c) x2 = •.4ay ' 

-(^^ 0) • (d) ,y2 =--4ax. 

5, (-2, 0) 

... ^ . . 

2. Match the equations of .'the directrices to the proper .equatiorTs. 

* -2. X = 3/2 ■ . . . • / (b) y2 = 4ax - 
" 3. y = -2/3 - • (c) y2 = -4aK ' / . ^ . 

• ^' ^ = - M) x2="-4ay. 

Answers: 1. (1/ (b),; 2.. (c) 3v (a) 4-. Cb) 5. /(d) ) ' 
• - * 2. (T. (i), 2. ♦.C^i^' 3/ ;(a) (b) ) : , 

ins tructional .Activity Task 4 (Determining enabl&rs and graphing) 
. Read pi^es 146-147, Qo the exercises- on the following page and on 



>4 



pages :V47-,T48,,worX prqbienis U 3{a, (j/c^ f) apd 7. A la'beTed drawing 



• ' • ' ^ (Don't.ase UinVeTs «bsoTutely 

problems 4(a) dhd 9. ' ^ * - 



Exerclsies': 



•■V 



1. Fill In the blanks with the coordinates of the points, 
-the distances, or- the required equations. , 



V 




equatton of parabola 



V 



1^ 




J 



.•V 



equatsljpn of parabola 



105 



.X' 



34 



-•'..V 




6quatiQi^ of parabola 



I 



Answers: See your Instructor. 
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equation- of .parabola 



liO 



V 



• ' " ^ ^ . • 18-35- 

Self-^evaluktiW . ' ' * . • * 

V t. Given the' foltowing conditions, '.detentitrie the equation of th6 " 
. parabola that satisfied tfiiDse conditions. Petennine the value ' 



of a ; 



(a) the vertex is at (0, 0), and th6 fodrpoint is at 

(Iv) the- coordinates of the intersection of the parabola 
and its latus rectum ar6 (-4, -2) and the axis of 
symihetry is the y-axis. • 



2. Discuss* and sketch the curve 2y2 = 37x 



nlf«ff ^2 give the coordinates 'if th^ vertex', focus, and end 

points of the latus rectum, and an equation of the directrix. 



1. (a/ a, * 4 



s 



x2 = -4ay 



« 4 

) 



C (b). a »'2 
I K''- -4ay ♦ 

x2 = -8y 



'2. 2y? 37x ,or y2 =^ 37/2x 4a =.37/2 hence, -^a - 37/8. the 

parabola opens, to the right, coordinates of focal point are 

. . ^- . ■ ■■ . 

• (37/8, 0). End points o,f latus rectum (37/8, 37/4) aqd , 
(37/8,' -37/4) equation of the. directrix is x = -37/8. 



Drawing for problem 7. 




\1 
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Objectiye 18.3 • (Ell Ipses^agd /circles ) 
Objective: * 

(For^an ellipse) GiTOen a set of 6i^ndition$y write the equation 
' An simple fcrfn^ deJvermine the eyiahlevs pertaining to that odniljo 

(dy by fooal pointy etc) and graph the oonio. • (The condition oan 

■ ■ / . / ^ '* 

include the' gemraV etiuation) , 

r 

' i 

InstruGtional actfylty . Task ^ (Equation of ap ellipse ) 

t Read pages ,;y53-156. Below is a more detailed ^jlrawing of figure 5-19. 





ERIC. 



On pages 157 work probildms 2, and 5(<q), (b), (c)» and (d). 




13 




109 



fi 



Ins t rue tion/>.1 ■Act i v 1t-y Task -6 jEg'tfatidn of ^.Imp-le circle ) ' 
Study the s^et of figures below. * .. ' 



* 






























•< 

















1 


























vi 








. ofifrthe ellipse becomes more circular -and when b = a the .graph is 
^ in fact' a cirtle^ b - a when c = 0 because b^- - c^ . - 



■ Since c is the distance .from the center to the foci, when the foci 



coincides with the center, the curve is a 
Answer: Circle 
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\ --Exercise; ^ ^ 

Develop the equation .of thQ circle 1n f.igure 5 by ui.ing the equation 



for an ellips.e (x^ ^ = j) 



Answer; 



'4 



oft 



x2 + y2:^ ^ 



Definition A circle is the locus of all points and only tho56 . ■ 
points [which are equidistant from a fixed p^lnt. j^jlie'^^ns^^^^^^ 



i 



■is called the jeadiiijs andl^er 
'the ;cip1e. 



Bd po«int is caney' t!:ie center of , 



• > 
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Ill 



When the. priginyis the depter of the »ci rcle . ^$ in figure;5- above, 

> , ■ ' , ' . '•' ■ ■ " '. 

the ^cjUation of the circle is , 

'•••■>•'. + =,r^ • . ;» 

whdrib. r is the radius of the circ/le. This equati or! i;s called the 
'Simple 'equation of the circle. 



Exprclses : . ' . ■ * » _ 

• 1.. Find the" equation of the circle whose center is at the origin 

. * . .and whose radius is 4. - * , , 

2. Find the. equation of the circle whose CerVter Ts at the origin 
and whose diameter is 6. ' • 

3. The end points'.of the diameter of a circle are (3, 4) . and 
^ (-3, -4).. What is the simple' equation of the circle? 

, ■ . . , . t . , 

J • ' 

Answe rs : ' ^ .1 

\ 

1. x2 +. y2 ^ijg , : . . - ' 

3. x2 + y2 , 

In^tructi-on^al Actj vi ty Task 7.^ / (Terms for el 1 i pse ) 



Read, f^ges 157-159 



Exercise: 



Label the drawings on the fol lowing. page by filling in the blanks ♦ 



(required equations and distance^ and by fil.ling in the coordinates. 




equation of ellipse 




42. •> • • . ' , ■ ^ 



• / ' to deterfifine the eauati'orv of an el 1 i^pse ypu must -know or" be 

■ V . [■ V . . .. y: 

able, to find three itpis.. (the'value of ..a; the* v&.l ue of b, and 

■*• / 1 ■ ' '" ' ' ■ ' • '■ ■ ■ ' 

.wh.ich axis ys the major^ axi s)-. Tf you look at the exercises oh.^ ' 

• ^ page "158-155, yow will see the various conditions you might be given 

f^Qf example problem 1' gives you the values |pf a b and telj^ you 

which is the major axis. (Jhe foci & ver4;icies are on the major 

axis.) Problem 3 gives you the value of a and'tl>e value of e, 

f ■ . ' , - . ■ . 

hence'you can find'c. When you have the value of* c you can fin 



J the val ue of" b. • • , 

You might find it helpful to make a table similar to *the one 

■ >. • , 
: below before you attempt to find the equation of an eWipse. 

a ^ :COordinates of foci . ( ); ( 



35f 



ae = c = 
ae = 
e = 



b = ^ coordinates of verti.fces^ ^ ( ' )i (- ) 

coordinates :0?^inters|^feTion of 

curve and minor axis . ■ ' ( )i ( % ^) 



Example: ProbVem 3 page .158. * 

•. ■ ' e ^ 2/3, focus is at (6,0)" " • ^ 

, . ■■ , ■< 

a T 5 'coordinates of foci^ . (6, 0), (~6, 0) 

b = '-/.'5 coordinates of vertices (9, 0) , ('^9, 0) 

' - ' , ^ .' ■ ■ — • 

ae ^= c =6 coordinate of intersection 

^ . of curve and minor axis"^ • ' . (o) 4b), (0, 46) 



a/G .= '^/2 equation of directrices t- "^^W-^^ ^ ~ '^''Z^- 

...118 = ; ••' 




I. 



< 



|L «♦> 'i - f ".t.. .. ■■ 



''\len6e the.' equQ^tion of the ellipse that satisfpes the .given condition is: 



"^/^^ • OR. . I^! ^ J 

. • 81 45 



On P9ge^ 158 & 1^9 work problems 1, 4,, ,5, 6, 7, and 8. 

Read pages 159-163. ; , . 

On pages 159-160 work problems*!, 4, and 7. 

On page ;162 work* problems 1/3, and. 5. 

On f^age ,1&3: , ; , • - \ •' ' ''■ 

1. Find; the intersection of the ellipse whose equation is 



■ • ( 



> ) 



• -Jit x2 and its latus rectum, 
a 



...■ 2., Work p*>ob1ems 1 (a), 2 (a,) (c) and (g), 3 (a) (d) (f) (g)-(k), 
. and 4 (a), 5 and l: . < >. 



> 1. 



Answ e rs: 1. (^-ir7-ct~(^"b , -c)' 

a a 



Instructional activity Jagk ^ GConstructinq an ellipse ) 

Read pages 165-166 (method one) - . - J-^, 



Exercise ; 



' \ r 
\ • 



; , Use the string*, tacks and cardboard that are eniclosed to con$truit ah 

ellipse whote equation .is ^ , i, . 

■ • ■ ■ ,■->. ». , .. • ' ■: 



<j:-- 
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Sel.f-evaliMitlon " Objecti ve 18.3 ■ 



.feqoaric 



h ^^^^^y^^* '^'^^ ellipse whose .feqoaSi on is J6x2 + 9y2 = 144 ._and skVtCh ,lhe 



2, Given the following conditions determine an equation that satisfie^. 
. ; those condition^: ' focus (0, 3), directrix y = 25/3. 



> 



t :. 



/^^Distuss' means to give the coordinate^ of the vertex, foci, tho-end 
points of the la|us rectt^m, intersection of curve and tninor axis, 
and equations of^ the directrices • 



o 1X6, 
ERIC 



J. 



7 



Answers :' 




9 = 16 - "• 7 



\ 



a8>-4S 



a « 4, b = 3v c f. /T 



coordinates of the foci (0, t/f), coordinates of \/ertices (0, ±4), 
coordinates" of intersection of curves minor axis' (±3, 0) * " 




2, 



x2 y2 



= 1 
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..v«,t,;,/-j..,; 



' Objeclyivje 18.4 " Hyperbola ^ , . " ^ ^ » 



• Objeativ^ 



J 



4 



(Fov the 'hyperbola) G'iven a set of '.aondit.ions, determine the- enabl era 
pertaining to the aonia (a, a, foaal. point, etc:) 'm>ite the equation 
. in dimple form, and,^graph the aonia. (Tfle aondit\ions aan inalude ■:. 
the' general statement. " ' 



lOitructiona l Activity - talp9 (Deriv-ing Equations) 
Read pages 168-170 ; ' , . " 

V ■ 

Exercises: 
.1. Verify .that |CL| = a/e and c r'ae 
2. Work problems 1, 6(a,.b, c) on page 170 



Instructional Activity --Task 10 (Determining enablers and gfaphing ) 
Read pages 171-175 ' • . , 

Notice as in the di scussion on .the ellipse, to determin^ the equation' 
of a hyperbola.^^ou must know three things : ' • - ' 

. * 1 . the value of a .y • 

2. the Value of b 

3. how the curve is located with respect to the axis,"(which 
form of the equation to use) " y 

• The relationship between a, b, and c is c2 = a^ +'b2. Notice that 
a Can. equal b. If a^= b, then the hyperbola is Called an equilateral 
hyperbola. " • ' • 



The table' used for the ellipse will, also be helpful fiSr the 
hyp^ybpla, but you sho.ul,d.''lhclucle the equation of the ftiymptptes. Ih 
the list. ' iV 



ExercUes: 



A. Label the drawing below. (Fill in the blanks with' the equations 

of the hyperbola and its asymptotes, the" distances, and the 
' coordinates of the points. 









. m 1 J' " , 
^ \ ■ ■ ^ 






1 y^^^^^^^^^^^^'^ 





4« 



2. Since y = tb/a;( are the equations of the asymptotes of the hyperbol 



a2 b2 



T, what are the equations of the asymptotes of the 



hyperbola ^ ^ x£ ^ ^ ^ 

a2 - b2 » 



<<i ■ ■ ■ \ ■ ....... ^ 
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3. Work problems l(d,.b, c), 2(a, c, e,,f, g, h.'m. h), 7, 8, 11, 13 

. , • . ■ ■ ■' ' 

4. Fill in the blank with the equation of the p^'op(?r form: 

fe- 1 OR' ^ - i" ' • 

(a) ^the equation of a directrix is y = '4/5, . 
> (b) a vertex is at (0,' 5). 



(c) the foci 'are (6, .O'-^nd (-6, 0*. . 

(d) the transverse axis is the y-axisT, 

' (e) the cbpjugate axis i0 the'y-axis. 



(f) the, equations of the asympttftes are 

3x - 2y = 0 AND. 3x + 2y = 0. . ^ 

Answers: See your instructor. 

Read pages 176-182 • ' . " 

' * . IT , ^ » 

Exercises: , , 

1. Work problems 1, 4, afid 6 on page 178 . ' 
2: Work problems 1 and 3 on. page 180 

3: Work problems l(a, c, e), 2(a, g, f,'k, o, r, u, w, and y)- 
Self-evaluation: 



1." Discusi* the coni^ y^ -' ^5. 



120 



(J ■ * . *^ ■' 

*''D1scuss'\*inean& to give the coordinates of the vertex, focus, and end 
points of the latus rec|um, an ^equation .of nhe directrix, and the 
equations of the asymptotes. ' ^ 

■' . . /•■■ ■ ■ ^ , , • ■ ' . 

■I- ^ 124 .• , ■ ■ , 



X8-49 



- 2. 



WrvHe the equation of the hyperbola with fts center at the c^Hgin,. 
transverse' axis on the y-axis, eccentricity 2/J, lengthi of the 
latus rectum 18,* and sketch the curve. \ 



# 
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Answers: ' " ' 

1. vertices (±5, 0), foql (±5/2", 0), e = v^, latus rectum 10, 
equation of asympto^tes / * ±X"^ 2. I21y2 llx^ = 81 



€7 



Or 



1 , 1' 1 I 1 1 


V7, 

< 




1 1 1 1 1 1 



.0 



121 



18-50^ 

9'bject1ve'18.5 . 



• Objective : 

Can eoH. oonias by name given the equation, enableve, or graph. 

Instructional Activity.- Task 11. (Recognizing conies) 

Read pages 185-186 on the xiomparison of Cftnics. The' circle could 
be included as in number 4. C 
•4. Circle 

' , .. 
Ax2 + Cy2 + F = 0, where A = C and A and C are not = to 0. 

' (a) If A, C, and F all have the same sign, tile circle 
is. imaginary. , 
»)^ If F = 0, the locus is appoint circle, 
(c) If F is differeht in sigji from A and C, the locus 
^ • ' is'a real circle with the center , at the origin. 

The following three pages contain a comparison' of the parabola, 

■1 c ** • . ^ 

ellipse, and hyperbola. 




\ 



.128 
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PARABi 




coordinates of focus (a, 0^ 




coordinates of focus (-a, 0) 



Li 



coordinates of focus (o, a) 




coordinates of focus (0, -a) 



» 4ax 



y2 =. -4ax ■ ' 



x2 a 4ay 



-4ay 



a is. the disfance from the vertex to- the focus — also the distance 

✓ 

from the vertex to the directrix. ^ 
the vertex is at the origin. ^ ^ ' . 

the length of the latus rectum is 4a. • 



123 



\ ) 

ELLIPSE 




'a2 b2 



coordinates of the vertices (a, 0), (-a, 0) 
coordinates of the foci (afe,, 0), (-ae, 0) 




a2 



b2 



coordinates of the vertices (0, a),;(0, -a) 
coordinates of the foci (0, ae), (0, -ae) 



1 



a is the distance from the center to ihe vertex 
c « ae'is the distance from the cent|er.to the focus, 
the center is the focus, 
the center is at the origin. 

a/e is the distance from the center to the 'directrix 



a > b 



\t ^ <• 
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.A 



HYPERBOLA 



X2 

;i2 , 



b2 . 



coordinates of vertices (a, 0), (*-a, OK 
coordinates of ^faci (ae, 0), (-ae, 0), 



= 1 



coordinates of vertices {O, a), (Oa, -a) 
coordinates of foci (o, aej, (0,^-ae) ' 



a is the distance from the center tdi the vertex. ' 
c is t^te distance from the center to the focus. . 
a/e is the distance from the celiter to the directrix, 
the center is th^ origin 



62 » c2 . a2 



I 



* I 



J 



a and b are not orderiBd. In fact a « b If the hyperbola 
equilateral hyperbola. , , ' 



1s an 
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if 



mmmm 



1 • , Work problems 1 and 2 on page 186 • 



mmmm. 
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Self'^eH^luation ^ Objective 18.5 

Fin in the b|^nf(s below. See (a) as an example. 



18-SS 



Name of conici 



parabola 



ellipse 



/ 



parabola 



Graph 




on 



y 



2 3. 4ax 



X2 v2 



a- 



b2 



Eccentricity 



e = 1 .' 
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Name of conic 



(araph 



Equation 



=^ +-fay 



Eccentrkit,/ 



i 




hVperbola 



A 



w2 

JLl. = 1 

b2 



y2 - -4ax" 



\ 



ERIC 



128 



7^. 



II ;i I g.i nil., iiiu.,. . ,^ 



Self-'evaliiatlon ^ Ob.1ect1\)e 18.5 j - 

Fill in the' blanks below. See (a) as an example.. 



Name of conic 



Equation. 



Eccentricity 



^ellipse- 




a2 V 



V 



e ■< T^' 



parabola' 




X 



2 '« . 



4ay 



e =» 1 



circle 




X2 + y2*^» y.2 . 

" ^ ■ "! 



e-» 0 
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Nime of CQt^^^ 



Equation 



Eccentricity 



parabola 



fell ipse 





x2 ■ +4ay 



b2 



\ 



e < 1 



hyperbola 



pdrab\)la 



V hyperbola 
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b^ 



y2 «.-4ax 




e > 1 



e = 1 



e"> 1 



Unit 19 - TRANSFORMATIONS 



Rationale : , ' ' - « 

. ' '■ . • 

'• ■ ■ • . . /. 

The cpnics you considered in Unit 18 were very special— they , 
were all simple.cdnics. (Their centers, the hyperbola, ellipse, 
and circle, and the vertex in the parabola, were all at the origin.) 
When the^equation of the\conic is a simple equation, it is iery easy 
to discuss the curve and sketch the graph, but ufifortunately not 
all conies are simple conies. The methods of handling non-simple, 
conies ar^ introduced ^n this unit. . ' 

The two methods- introduced are called, translation and rotation, 
.,A tran^faftotf is performed when the axis of symmetry of 'the non- 
simple conic is parallel to the coordinate axes. (See drawing below. ) 




A rotation is performed when the axis of symmetry of the non- 

Simple conic hasbeen rotated through some angle with respect to the 

coordinate axes, but the center or vertex ^'emains at the origLin. (See 

'•■'/. . • ' . 

the drawing to the left on the following page.j" 



Sometimes you must perform both a translation and a rotation (see 
the drawing to the left above).. .This:occurs when th^ 
symmetry of the- ndo. simple conic has been rotated and" the center is / 
not at the-origjn. Tn a^l the cases the translation, the rotation. 
or the translation and rotation eon.verts the equation of the non-simple 
conic to a simple equation, then you can use the methods and skills ^ 
' of Unit 18 t5o discuss th^ curve and sketch" the graph'. . . 

' ' . . j(' - 

Objeotivee : • ' 

^ If 

. Gi^>en the mage of a oonio: d^eoHbe the' tmnefomaiion and'' ^ 

•9ketoh the image ' / . . . ^ 

- (a) .with res^^at to a rotation and trans Ickion " ' 
(b) with reepeat to, a rotation 

(a) ^ith reapeot tb a translation J\ . . ; ^ • 

.Determine the equationp of the images of oonios relative ia a , ->v^ 
given transformation and sketch the oxxrve ' . •■- 

(a) ^ith respect ^to a rotation - •' ' „ /- ^ 

ib) with reapeat tio a translation • ' . . . ' • 

19. S:. Determine the simplified equations af images of potymmiat funotione 

, relative t6 a tran&ldtim > ^ " ' , ' * 

■ly 'Determine thk ooordimtes of the images: of points relative to ■ ' ' • 
/>. ^ a given trans formation and eketoh 'the. points, with respeoii to.the" 



new axes 



- h) wiiih reepedt to a r'oiatiqn 
(i>) with reop&dt to% translation^ 

' ■ ; * 



29. 2 ^pitemine the aoovdimtea of the images of po'intB relahipe to 
V a given tmnefomatidn and eketoh the^ points witH.respeot to 
the new axes * - - ' . • ' 

(a) withveep&ot to a rotation 

(b) with respeot to a- tmn&lation \ ^ ^ * 
19.1 . Determine , the equation of any conic by apptythg the definition 

^of that particular conic 



Hierarchy: 

In order to follow the order of the text, you should use the " 
hierarchy, below: 




Unit Activities : 

Lectures G^iind 7 



The l^ectures over this unit will have the fo«)lowing logtline: 

Lecture 6. Translations >v 

1. When do" you use a translation to simplify an equatldn 

^ ' 2. How do you perform a translation witl^^respect tD 'a , 

new set of axes< ' / 

- ■ . ■ * ' » - 

A. Translation of a pojnt # 

B. Translation of a conic , „ • ^. ' < 

• 3. How to choose the proper translation for a,,piven Equation 



19-4 



Lecture 7. Rotations. Rotations. and Translatlorvs 



1. When do 70U use a rotation to simplify an'"^ equation 
... do you perform a rotation through a given angle 

j . ^- "ow to choose' the proper rotation for a given conic. 

s .4. How to perform both a translation and a rotation In 

> o>'def to simplify a given conic 

Procedural Op tions: » - /. ./ i C 

The procedural optlor^s for this unit are the same as for' 
Unit 17. If you are having trouble meeting the assessment task require 
■ „ rtient on ypur first attempt, you should talk to your Instructor and 
discuss some alternate approaches. 



c 



\ 



Average time: 2 weeks 
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Objective 19.1/ 



th!Ii"LiM.T^*^°"4°^ applying the definition 

OT that par*t1cular conic. 



Activities 19. 1 . 

"' ■ — ^ 

•1 . Your Text 

-Ex^cUp."* Geotnetry., pp. 139-142. pp. 103-112 

txercises. p. 141 problems 1-8 

' • ' 7(a)!^9* 1 - 3. 4(a)p5(a & c). 6(a. c. & e). 

p. 108 problems 1. 3. 9, 11. 15. 17 * 
pp. 111-112. problems 1(a & e). 2. 3. 4. (a. d. f. g). 6. 7. 9. 13 

2. Your Text and the Study Gu'lde 

3. Solved Problems ' ^ * 

lZ}Tf'ir rlnllT ^^'^''^r I>;eory and P.robl ems of Plane and SoUd " ^ 

gg^MgOgg^ PP-K?^-^^ PP- (circles) p 18. problem^l^; p 1 9 
rKSl; p^:^6'^!^^.lV7t'"'^,"'^>^• 53. problem^e. > 
4;' Other Heading Sources * ' 

Fuller. Gordon. Analytic GeonK-try .rpp. <l.i-/iQ (^<...i^c) 

(Sp'r")'"'^* G«°"'etrY, pp. 94-96. (circles) pp. 106-107. [ 

5, Individual Assistance ■ ' " 

' Go visit your Instructor. a)fd fet him know how well you are doing. 
^. Informal Group Sessions . t 

^ Init'^^^II^^?"^'^^^ *° '^'^P students with the previous ' 

unit. You will learn as much as they will. ~ ,. 



139 



135 



'1 - " 

Se1f->EvaTuation Objective 19.1 



i 



1; Detennlne the equation of the ellipse with a focus at (-1, -1), 
directrix x » 0. and e « /? 



2. Oer|ve the equation of the parabola with its focus at (4. 3) and its 
vertex at (4, 6).. ^ . 

. (Hint: you need some of the skills you developed Ijn Unit 18 to determi 
the equation of the directrix) ' 

3. Derive the equation of the locus of a point P(x. y) v^hich moves so 
.that the distance frpm c s (3, 2) is always 4. 



V 



/ 



1 




Answers': 



1. + + 4x +'4y + 4 « 0 



2. Equation of the directrix is y « 9 

Equation of the parabola is x^ 8x + 12y - 56 « 0 
3*. (x - 3)^ + (y - 2)^ 06 



19-7. 
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Objective 19>2 . B 

i " """""" I' " " ■ ■ ■ .-■ . 

. Oetennlne the coordinates of the Images of points itelatlve to a 
, wim respect to the old coordinate dxis,4inder a translation. 

Activities 19.2 - B (2 and 7. are suggested) 

1. Your Text " ♦ 

E^erclks"" b IXi" g^T^try. pp. 
txercises. pp. 194- 1 9b, problems 1» 2' 

2. Your Jext and Study Guide ^' 

3. Solved; Problems ' ^ 

•An^?!!Hr^"i!!"^^''^^'i, IHgo pLand Problems of PlanP and <;nHH 
Analytic Geometry, p. 67, problem 1 ^ ^' ^^^^^ 

•4. Other-Reading Sources 

l^uller, 6ordon, Analytic Geometry , pp. 49-52 

5. Individual Assistance \ '^v * 

6. -Informal Group Sess1ons\ ^ 

7. Lecture 6 ^ 

Self-Ev>aluation Objective 19.2 C ' 

1. Determine the coordinates of each of the points P when the axis is 
translated so the new origin; is 0' . wnen.tne axis is 

(a) P « (3. 2) 0' « (4, 1) 

(b) P - (-2, -1) - 0' = (-a, 0)*^ 
(cl P « (4, -3) " o'^^ (5, 3) . 



i 
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* ' Objective T9.4 B 

Detemlne the equations of thfc images of Ionics relative to a 
given transformation and sketch the curAe with respect to a 
translation. / \ 

Activities 19.4 B (2, 3, and ^ are suggested) 



1.. Your Text 

Morrill, W. K. , Analytic Geometry , pp. 193-194 (Example 6-2) 
Exercises: p. lyb, .problem 3 

2. Your Text and the Study Guide ' ^ ^ ^ 

3. Solved Problemst 

Schaum's Outline Series: Theory and Problems of Plane and Soli d 
Analytic Geometry . p,...67, problem -1 . . ~ ^ 




4. Individual Assistance , 
5^ Informal Group Activity 
^6rr Lecture 6 



Self-evaluation 19.4 B ^ • 

^ ■ ■ ■ . ■ ,■ 

1. Trans form. each of the following equations by using the given 
point as a hew origin, and sketch the graph. 

(a) 3x2 - I2x ^ 4y2 + 8y = -4 o'=(2, -1) 

(b) x2 - 4x + 8y « 12 0' = (2. 2^ 



^ ■ 
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Objective 19.5 C ' - / 

Given the Image of a contc, descrtbe the trans formaitton and sketch 

the linage wtth respect to a translation. . • 

. ^ ■■' . • • . ' ' ' ' 

Activities 19.5 Ccl t2 and 7 are. suggested) / , 

1. Your text: . • < 

Morrill, 1^.1^., Analytic geometry. pp.'l95-l9Q (omit example Vs, 

ft.- 

page 197), - >^ " , " ■ 

Exercises: p,^ 199, problems, 3, 5,|, 8, 12,' 14, and 15. ' ' 
. 2. Your text arid study gulde^ • 

3. - Solved problems . ^ , ° ' c 

Schdums Outline Series: Theory and Problems of Pla ne .& Solid * 
. Analytic G^ometVy , p. 67^ problem ^2; p.. 69, problem 8. 

4. Othef Reading Sources: . • 

. Protter-Morrey, Analytic Geometry , pp. 135 (middle of page, 
. paragraph beginning, "We now.niustcate. . . ) - 137. 
\ Fu-ller, Gordon, Ahalytic Geometry , pp. 82-84. ' / , ^ 

5. " Individual Assistance. 

"' 6. Informal Group Sessions , • ' 

7. Lecture 6 \ y 

Self-evaluation 19.5 C , . . 

Simplify and natne the foTldwtng equations and sketch the/ 
graph of problem '3.' ' . ' , . ' * 



T. 5x^ - 40x - 3y^,+ 65 « 0 



6 



V 



2, + 4x - 16y + 52 « 0 

3. - i8x t 4y^ +.32y + 37'- 0 



7 
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1.43 



f .... 



mwmmmm 
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Answers ; 
3 



mm • w^ tlLm-t' S 1 

5, 



2, (x + 2)^= 16(y - 3) 



(hyperbola) 
j(parabola) - 



./ 



(X - 1)^ - 



(y ^ 4)- 



(ellipse) 



\ 
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OBJECTIVE 19.3 

Oetennlne ,the simplified equation of Images of polynomial 
. functions relative to a translation. 

■( ' ' . ■ . . ■ 

Activities 19.3 ^ 12 Is '^uqijaKfU) . . 

1. Your Text 

Morrill. W. K., Analytic Geometry , p. 197. example 6-3 

2. Your Text and Study Guide / 
y. Individual Assistance - 

4. Informal group sessions , ' 



?elf -evaluation Objective 19,3 

Simplify the following polynomial functicm: 
y = x^ - 9x^ + 2x + 30 



9 
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Answer: 



x'^ - 25x' 



" r 
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OBJECTIVES 1^.2 A and 19.4 A ^ 



o ^ " 19,2 A. Detertnlne the coordinates P. thq images of\po1nts 
Relative to a given trarnsformatloifi and sketch ^ 
the points with respect Jto a, new axis and with 
respect to a rotation. 

19i4'A Determine the equation of the Images of«con1cs 
' " relative to a given transformation and sketch 

tlie curve — with respect, to a rotation. " 

Activities 19.2 A and. 19.4 A (2 and 7 ar»e suggested) ' '' 

1 , Your Text '. ' ' - , 

Morrill, W. K. , Analytic Geometry , pp,. 205-209 
Exercises: pp. 209-210, problems l(a, c,'e), 2(a, c, e, g) 

2. Your Text and Study Guli^e ^ 
,3. Solved problems . 

Schaums Outline Series: Theory and Problems of Plane and Soli d 
. . Analytic Geometry , p. 67, problem 3. ~~ 

^ 4., Other Reading Sources: 

Fuller, Gordon, Analytic Geometry , pp. 85-87 (doWn to 
example 2). . - " . 

5. Individual Assistance 

. ^ 6. Informal group sessions 

■ 

7. Lecture 7 * . ^ ... 

Self-evalyatlon Objectives 19.2 A and 19.4 A 

(You may us-e a trig table) . • ' ° 

i. Determine the coordinates of the following points when 
, t^he^xes^ have been rotated through 60°. , • 

(a) (1, 4) . ' ' . - 



(b) '[2, 6) ' ■ ■ , 



• 19^18 V ; 



Determine which of the fori lowing equations must Be rotated t 
In order to simplify the equation. 
. Simplify that equation by rotating the. axes through the; 
angle » 135^. 



(a) 3x^ +*3y^ - 12x + 12y t 1 = 0 



(b) - 6y 5-4x + 5 = 0 

(c) - 4xy + y^ 5 



(' jr 



V 



I 



J 



er|o 



Answers ; 



2 ■ 

(b)(? + /3-. -1 + 2v/3') 
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(c) . 3x'2 - y 



.2 „ 



r 
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Objective J9.5 (b) ' 

. Given the Image of a contc, describe the .transformation and 
sketch the. image with respect to a rotation. 

ft 

Activities 19.5 Cb) |(2 and 7 are suggested) 

1. Your test; 

...2 

Morrill, W, K. , Analytic Geometry , pp. 210-212 (omit last 
paragraph! page 212. ) 

Exercises: f. 216, problem ll (a, c,' e^ j and. n) 

2. Your text and study guide. 

3. Solved problems; 

Schaum'§ Outline Series. Theory & Problems of Plane & SoUH 
Analytic Geometry, p. 69. problem 4; page 70, problem 10, . 

4. Other Reading Sources; 

Protter-vMorrey, Analytic Geometry , pp. 140^142 (from middle of 
"page 140 to middle of page 142.) ' , 
5;, Individual Assistance- 

6. ^ Informal Group Sessions. / 

, [ ' 

7, Lecture 7. .^L 



Self-Evaluation; - 19 g 

1. .Remove the xy term by rotation of axes, identify, and sketch 



the curve. 

41x^ - 84xy + IPbiy^ = 500 



154 \ 




Objective 19.5 (a) 



^ ^:'ven the image of a conjc, describe the transformation and sketch 
the image witK respect to a translation ^d a rotation. 

Activities 19'5 (a): - . « • 

1. Your text: < ^ 

i ^' 

. \ Morrill, W. K. Analytic Geometry , pp. 212-215. . • . . 

Exercises :^p. 215, problems 5, 7-and 9. 

2. Your text and study guide. 
. ' Solved Problems; ^ ' 

Schaum's Outline. Series, Theory & Problems of Plane & Solid 

Anal ytic GeV ^6tr.y.-p. 68, problem 5; p. 70, problem 9. 

\ ■ " ■ 

4. Other Reading Sources; 

r Fuller, Gordon, Analytic Geome^try . pp. 88*9.1, 

Protter-Morrey, Analytic Geometry, pp. 142-145. 

V 
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5*. IndtviduJil Assistance, 

..' • .. 

6. Informal Group Ses'sions 



7.. Lecture 7 



Seif- Evaluation 19.5 Ca) 



1. Simplify the following equation; Identify, discuss and sketch 



the conic. 

a. llK - ZAxy + 4y + 30x + 40y -45 « 0 



I 
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Answer Ob jective 19 > 5 (a) 



. X 



m2 



— :. 1 . Hyperbola 



aa4, b=2, c=2\/F, with respect to the new axis the vertices are 
(4.0) and H,o) tfte foci are (2/r. 0)''and/-2/?.0). the 
equation of the asymptotes are 4y"= 2x" and 4y' ' =» -2x". 




4$i 



/ 



f 
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UNIT 19 



Title : TRANSFORMATIONS 



Rationale: 

The conies you considered in Unit 18 were very special —they 
were all simple conies. (Their centers, in the hyperbola, ellipse, 
and 'circle, and the vertex in the parabola were all at the origin) 
When the equation of the conic is a simple equation, it is very 
easy to discuss the curve and sketch the graph*of the conic, 
but unfortunately not all conies are simple conies. The methods 
of handling non-simple conies are introduced in this unit. 

• The- two methods introduced are called translation and rotatior\. 
A translation is performed when the axis of symmetry of the npn-simple 
conic is parallel to the coordinate axes. (See the drawing below). 

y'.' 



t: 




, / 


, I 







4 rotation is performed when the axis of symnjetry of the non-simple 
^ conic has been ro1;ated through some angle and with respect to the 
coordinate axes, but the center or vertex remains at the origin. 
(|ee the drawing to the right on the following pa^^J. 



• Sometimes you must perform both a translation and a' rotation. (See 

the drawing to the right above.) This occurs when the axis of symmetry 

of the non simple conic has been rotated and fhe center is not at 

the origin. In all the cases the translation, the rotation, or the 

translation and rotation converts the equation of the 'non-simple conic 

> - • . •■ . . . ■ 

to a Simple equation. Then you can use the methods and skills of Unit 

1.8 to discuss the curve, and sketch the graph. 

Prerequisites : . • ' , 

Units 17 and 18 and objective 10.2 in Algebra and Trigonometry. 

\ ■ . 9 . ■ ■ 

(Specifically that section that deals with "completing the square") 



Objeative& : 

19. S Given the. image of a apnia, deeoribe the transformation and eketah 
the ifnage ^ ' 

(a) ' with reepeat to a rotation and translation . 

(b) with respeat to a rotation ■' * 
(a), with respeat to a translation 

19.4 Determine the equations of the images of aonioe relative to 
a given transformation and sketch the aume 
(a) with respeat to a rotation 
(h) with respect to a translation . . * 

I 19.3 ^Determine the simplified equations. of images of polynomial 
funatiom relative to a translation ' 

^ ■ - 160 
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Detemin$ the equc^tion of any ooMo.by applying the definition 
of that partioular oonie. : ■ ijjl " ^. 



;/ 
4 



'^Instructional Activity : 



Tasif*! -(equations of ellii)se^, hyperbolas, and parabolas) 
Objective 19.1 

Determine the equation of any conic by applying the de/inition 

of that particular conic. ^ ' 

f. ■ '■ . 

Read the General Definition of a coriic on page ISyih your, text 
again then §xamine the example 5-1 on page 140. Work ^oblems'l - 8 
m page 141, problem^ 1 is begun for you on the following page.' 




^} 4 \' 
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' Problem 1, page 141: , 

.Derive ar] .equation of each of the following Conies: 

J, Vv^ Focus is at- (-1, 2); directrix is the 11f)e x = ^/e = 1 ! 

Since e -n, the conic is a 
" ^ ' and |FP| « '|PD| 

|FP| = ("x - (-1))2 2)2 
1 

Since |FP| = . and |DP| 

|FP| |DP| is 
? ' 

and squaring both aides " 



4— +— f- 



VJ 

u 



-4 — I- 



-I— I 1- 



collecting terms 



hence the equation^ is 



Did you get ^ 4y + 8# - 4 = 0. Good! If not. check fyou, calculations 
over again. If you are still having problems see your instructor.' Now 
try problems' 2 - 8 on page 141. 



Task 2 (tietermfning equation of a circle) 

Read pages 1^03-105 and then write^he definition of a circle and the,' 
mathematical statement (equation) that is described by definitioh. 
(Use space provided at the top of thfe next pa^def;)p 1 



. The mathematical statetn'ent; (x - h)2 + (yS- k)2 » is called 

the . '. . eqMaii on. of the circle. How, does the 

^ — — , — _i 1— . - , ^ 

standard equation (your answer above) differ from the.simple equation? 

Again^as with the simple conies in^Unit 18, the circle who|e 
equation is simple has its center at th^\origin, while thecirclfe 
whose equation is in standard form can haveXitg center anywhere on the 
coordinate plane/ ' , \ ' ■ V 

Nptice in example 4-4, page 104 in your text, you must appl^y 
the concept of "determining t^ie distance from appoint to a line" to find 
the radius of -i^he^ circle. (The point is the center of the circle;' 
theT^ne is the tangent line.) . . ^ . 



. . . ■ ■ ' ' ' - ■ ■ . 

On page 105, work problems 1 through 3, 4(a), 5(a, c), 6(a, c, e), 

7(a), 9. (Also work any others in which you are particularly interested. ) 

\ ' r * , , 

■ " ■ ' V ■. ■ ■ ■ '. ^ ■ 

Pt^oblem 3 is started' for you to finish, . 

3, What is the equation of a ^circle if* the end ^ihts of the diameter 

are (2, 3) and (-1; 5). Draw the circle. ' 



• the center is the midpoint x = ^2 ^ ^ " | -± 
' 'of diameter (see Objective 2 2 

. 17.2 b) . 

■ ^ ■ . y = '«« • = 
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r 



radius -Oistanco bctv/eun ?. points -^->art of O^b^^^ 17 2 



radius 



1 ' 



Hence the equcition of the circle' is (x - h )^ + (y'- k)^ = ♦ 



or 



..■J 



i" "i- 



V 




, * centerjiS,j;M^^rc),et or midpoint of diameter 4). r = -4^ 
/equ^Hon of circle (x - .^5)2 + (y - 4)2 = _L3i. - ^ ' 



When you hav^ finished wQi4ing'.the problems, r§ad the next section 
on ttie, general ^quation of th^. ci^^Je^pp. 10§-108, , In order to 
- understand the reading "material and wor^lc tft probT|fns- in this -section, 
you should be'^tle to work, the problem below; Try it. If you have 
. problems, see"^ colTegTIigefeVa .tfext (Idok under "completing, the A 

Square"}. Rojjison, J. Vincent, - Modern Alqebra-& Trigonometry 
/ contains this information on pages . 22C('land 221. 

■ '■■ • ■. ■ , _ j ^ ♦ ■ . " . , 

t . " • ■ ' 

Ypur ins true tqr can help you find .^re Information -on this Subject. 

' / V. • ' ; ' ^ ' 



Grotip« th6 x-terms together and the y-terms together and comp.iete • 
their squar^: < . ■ 

• I x2 + 'Bx^^ y^r 2y + 3 .=-o \ ■ 



Answer:, (x+ 5/2)2 + (y - 1)2 = 17/4 



If you are unable to work this problem, get help before you continue. 



If you are able, to work the problem on the previous page, (by 
completing the squares), continue' with the material below': 



. After reading this section you should be able to list the 
conditions n^essary in order for, an equation to be that of a circle. 



They are: ' 

V 



2. 



V 
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You Should have listed: , 1 

1. The equation is of '2nd degree 
^ 2, The coefficients of + are equal 

3. There is no xy tefrm 



Now. using your criteria, pick out the circles from the list below: 

(a) + 3y^ -f 7x + 2y + 3 = 0 ' , 

(b) x^ + y^ + 2x + 5 = 0 

(c) x^ + y^ + xy + 3x » 0 " r 
_(d) 2x^ + 2y^ + 4x -h.7y + 3 = 0 

(e) 5x + lOy"^ + 3x + 7y - 9 = 0 



\ 




tG7 
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•You should have picked out (b) and (d). Did you? ^\ 

' - * 
. You should also be able to determine when the graph of the 
circle exists. 



(a ) iro^ + 

(b) If + 

(c) If + E^. 



4F.> 0, the graph of the circle exists. 
4F « 0, the graph of the circle Is a 



4F < 0, the graph of the circle Is said to be 



V 



Answers: (b) point circle (c) imaginary 
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On page 108, problems 1 - 14, determine when the graph exists, 
when the circle is a point ci^^cle, or .imaginary circle by evaluating 



Also work problems 1, -3, 5, 7, 9, 11, and 17 on page 108. 



After working the problems successfully, continue to section 
4-3 (Circle determined by 3 conditions). Before beginning, look at the 
top of page 109. Can you perform these operations? (Detemine D, E, and F) 
.If not, review the Linear Algebra Unit Objective 14.1 (Solving 
equatio)fs using Cramer's Rule) or see the Introduction in this text (Morrill) 
section 1^5, 1-6, and 1-7. , . 

When you are able to solve 3 equations in 3; unknowns using Cramer's 
Rule, read pages 108-111. The examples 4-7 and 4-8 in your text should 
be very helpful. * 

f 

On page 111-112, work problems l(a, c). 3, 4(a, c, e. f, gj. 
Problems XU) and 4(c) are begun for you. ' 
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165 



19-36 



.1, (a) Find an; equation of the (Jlrcle which pas$es through each of 
the foUowIng points, (2 » 0) (1 , -3) and .(3. 1 ) 

All three points must satisfy the equation of the circle; 

+ + Dx + Ey + F « 0 

♦ 

Hence fojr the point; ' ' ■ - ' . 

(2, 0) 4 + 6 + 2D + 0 + F => 0 

(1» -3) 1 + 9 + , D .-f E + F « 0 

(3,1) ' + +% P + „_ E + paO 



And solvltig for the D. E and F; 



D 



-4 0 1 

-10 -3 1 

2 0,1 
1 -3- 1 

3 1 1 



i 
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Hence the^^equatlon of the circle Is 



170 



(c) F1M an^equatian of the circle satisfying the given cohditlons 
Its center Is on the line x - y + 4 = 0 and It'touches both axes. 



; Sinc6-the circle touches both axe?, the lines whose equations 

: — are pngents to the 

circle, and the coordinates of the center of the circle must be 
either (h, h) or - ) . ' 

Since the center u on the line x - y + 4 ^0. then either 
(h. h) or (h, -h) must' satisfy the equation. 

If (h, h) is the center, then, 
h - h + 4 « 0-«r 4 = 0 

(Hence (h, h) is not the center of the circle) 

If (h,-h) is the center, then 

h - (-h) + 4 = 0 or h « -2 

(Hence the center of the circle is (h, -h) = ( , ). 

And the radius must be the (distance from the center (-2, 2) to 
either of the coordinate axes (x = 0 or y =. 0) . 



Hence the equation of the circle is ( ) + ( 



19-38 . . ' ; 

$e1f~Eva1uation Objective 19.1 

r 

■ 1. Oetemine the equation of the ellipse with a focus at (-1, • 
directrix « 0. and e « /? 

2 * ■.. . 

/2. Derive the equation of the parabola with its focus at (4J 3f and i£s 
' { vertex at (4, 6). -J ' 

- ' (Hint: you need some of the skills you developed ia Unit 18 to determi 
the equation of the directrix) 

3. Derive the equation of the locus of a point P(x» y) which moves so 
that the distance from c « (3. 2) is always 4. 

4. Derive the equation of the locus of a point P(x, y) the sum of 
whose distance from (3, 4) and (3, -4) is always 10. (You must 
use skills you developed in Uni.ts 17 land 18 to work this problem.) 

. ■ i 
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Answers: . , - 

K 2y^ + 4x + 4y + 4 a 0 

2. Equation, of the directrix Is y = 9 - 

Equation of the parabola Is x^ - 8x + 12y - 56 » 0 

3. (x - 3)2 + (y - 2)2 -J 6 

H 16 ^ 
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Instruct ionaV Activity , . . 

Task 3 (Translation of points and curves) 

Objective 19.2 (b) and 19.4 (b) • ' / 

19.2 (b) Determine the coordinates of the images of points relative 

to a gtven transformation and sketch" the points with respect 

to the new axis under a translation. 
19.4 (b) Determine the. equations of the images of conies relative to 

a given transformation and sketch the curve. 



/ 



Read pages 192 - 194 jn your text,. 

Do the exercies below and then do the problems 1-3 on pages 194 and 
195 of i/our t*xt. . ' 

1. Below is a coordinate system. Sketch a new set of coordinate axes / 
with the point P = (3, + 4) as the new origin. Now usingyour drawing 
determine the coordinates of the points P,'. P„; P., p., and P ^ 
with respect to the new coordinate ^es. 



^4 . 



\ 



P, 

0 

-4-1 \ *\ I I I I 



' M l I ( i I- 
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Ansj^erj 
1 



(-6. -3) 
P2 = (^1. -2) 
P3 = (-1. -8) 



(3. 1) 



P5 = (-5/-7) 



\ 




I 
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In the drawings bc|low, dravl new sets of coordinate axes so that the centers 
of the conies are at the new origin. What are tfjie coordinat?es pf the 
new origin with respect to the original set of axes. 



+ V 



■I i ll 



4.\ 



— I — I — — I — »-y 



I I I 11 I I 



I t I I — 



A 



Answers : 



III 4~>-~-f- 





1 

.111 1 . i 


■ ' ' ' ! ' 







^0/ 
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Self-Evaluation Objectives 19.2 TbTand 19,4 (b) 



1. Determine the coordinates of each, of the points P when the axis 
is translated so the new origin is 0', and sketch the old and nfew 
coordinate^,axes. . ^ ' - ' . ^ 

(a) P = (3,2) , 0' = (-3,0) 

(b) P = (4,-3) 0' = (5,3) 

Z. Given the circle whose equation is (x + 2) + (y - 3)^ = 4, determine 
f the center of the circle, and transform the equation of the circle 
^ to a simple equation by using the center as the new origin. 





/• 



/ 



/ / 
/ 



■/■ 



■s 



1 77 



/ 
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Answers; 

^' (a) »;(6. 2) 
/ (b) (-1. -6) 



4.V 



2. Center (-2,3). New equation x',^ + y'^ =4 



IN 



\1 



0' 



I 

P( f/> -3") 



I 



■ ■] . 



i7y 




















1 ' ■ ■ * 









^1 



'V'U I! iiillllii 



J. - 



1M6 



I N 

t. 



Qb-jecttve 19.5 . (c ) 



Given the image of a conic, descrj^ the trans fog^ion^and^^tch . 
the image with respsct-to a translation. 

^Instructional Activity - Task 4 (Determining the*translation for a v- •• 
given conic.) , . - * • 

Read pages 1^5-1^9 in your text. (Ortit example 6-'3, page 197.^ ' ' - 



On page 199 work problems 3, 5^ 7, 8, 12, 44,' and 15. Problems 3 and 
5 are started for you. . . ' , - . - . 

" Simplify and di.§cus^ -each-of J;iie fpTTowirig equations and draw^its 
graph»'wlien it exfsts. ' ' 



3.- 



.^x^ + 4y^ + 72x = 0 >^ 



9)1^^ + 72x 



♦•'4yv =*0 . (Collect X and y terms ) 
,2' 



9(x'^ + 8x' " J + 4(y'^- y ) =• 0 -,^( remove common numerical- 



1 •* 



factors) 



9{x^t 8x'+ 16) + ^{y^J-^\)'.= d + 9(16)^ tpohiplet?, the square) J 



or 9{ ■ • 
Let X* = 



T 



and 






4i 



^hen the equation becomes;" - . 

^x"52 + 4y«2,= jL44 or , " ' ' ' Z'^' ;• 

+ Xli i whicJjf is^ the <equatix)n of afan) j- 

IT'^ . 36 ■ : V $» * ' . . (what type of coRic) 



^ - ; 



l^ow using, thj&.rskt\,\s' and methods you .yevel6ped^;t)nj;t IB, -idiscuss 

' . ' I. '-'nil 



and sketch th6 grdph of the ellipse. 
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^1 1^ 



f.1 



y " ' " ^^^A-x . \ (col lect X and y terms) " 

(y - 8y + ) = -4x + _^ (complete the square) 

(y - -4(x_ ') • ' :^ 

Let y' = " . ahd X' = 

The equation then bficomes > „ 



which is the equation of a (what tVpi of 



G6nic). ' 



* ^ V / ^ 

■■. ... ^ / 

l)se the,^tl>s and methods you learned in Unit 18 to di^casjjlL 

and sketch the ]graph,o/ tKe parabola y*^ = -4x'. V' 



V 



ft 



V t 





After finishing the problems on page 19^, read pages 200-204 
in ypor text. ^ . 

On page 205, work problems 2 (a, b, d, g, j, 1. p,* s, t, and w) 
Problems 2(a) and 2(b), are started for -you. 

Problem^.* Find a s^jandard^^guation of each of the following conies 

and sketch each. ' , 
*. ■' • 

(a) e = 1/2, andthe vertices , are. at (-3,4) and (5,4). 

' Since e = the conic is a (an) 

> - -'y — 

Since the x' aotis is the major axis, the equat1(in of the 

. ellipse is of the'Torjn , 

QLril)^ + iljd^^' = a, (^ " k)^ + (x - h) ^ = 1 



a 



hi ' . a2 b2f 
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« 4'. 




'J I I I I I I 



4— J — t > < — I — h 



The length of the major jgcts 

C2a) Is . 

Since 2a = 8, then a = 

and-ae = ^ • 



Since 1 c = ae "= 2, then 

= a \ - c^ implies that 

2 _ 



The centeX (h, k) « ( ) 



Hence the equation of the ellipse: 
(x - h )^ + Cv - k )^ =i is 



a2. b2 . ^ 



\ 



Answer: (x - J.)^ + ( y - 4) ^ = 1 
16" 12 



/ 



(b) center Is at C-3, -1), a = 4, b 5, and foci are on 
y « ^1. ) 

Since tbe conic has a center it is either a 

a , or an . 



. It Is not a circle 



J. 8 /2 



' k ICW* . 
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• ■ ■ f ■ ■ 
since a 7 b. Since b > a the conic, cannot be an 

Hence- th? conic Is a > and the equation 



1$ of the form 



x-' axis Is the transverse axis. 



since the 



Answers: Circle, ellipse, 
hyperbola, ellipse, hyperbola. 



(x - h)^ ' jy-}^ 



n2 



1. 



Hence the equation: 

(x t h)^ - (y -f k)^ = 1 . 



becomes 

+ __)^ - (y + )^ =1 



Answers 



i>^±A - (y 1) 

" 16 25 



Self-Evaluation Objective 19.5 (c ) 



Simplify & name* the foJLlowing equations- and sketch .tbe graph 
of problem 3: 

1 . 5x - 40x - 3y^ + "65' = 0 ' . , ♦ 

„ ' 2 * ' 

2. X + 4x - 16y + 52 0 

3. - I8x + 4y^ + 32y + 37 = 0 \ ' ■ ■ 



is: 



179 
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Answers; 

' 1- (x - 4)2 

3' . 



2. (x + 2^ = 16(y.- 3) 



(hyperbola) 
(parabola) 



3. (x - 1)2 (y 4): 



= 1 



(ellipse) 



7 



-, \ , \ ■ I — t— I — I— I 




I — I— I — I— 1- •)( 
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Objective Jt9.3 

Determine the simplified equations of images of -polynomial 
functions relative to'a translation. ' 

I n s th i ctionril Artivity > Task^.5 (translation of polynomial functions). 

On page 197 in your text, study example 6-3. Notice that the 
equation is a cubic and is the polynomial function f(x) = x^ - 3x2 + 2x + 2 

It is possible to find the zeros of the function and to sketch 
the graph of the function by using standard methods and skills ^acquired 
.in colle^ algebra (unit 9) polynomial functions) . but the polynomial 
function can be simplified by a transformation. . 

After studying the example you will Wtice that there are four 
steps in trarrsforming a polynomial function. 

They are:. , 

1. Make a su.bs.ti tution: x = ..x' + h a^nd y = y' -^^ k ^ 
/ * ' t ^ • - 

2. , Simplify the equation" by expanding and collectipg terms. 

c ' ' 

3. Determine h and k so that one of^the ^coefficients~and tji|::^ 
constant term is zero. ■ . - • 

4. * Write the transformed equation. " • 

Now, you try the problems below. > 
1. y = x^ + 6x^ - 3x - 12 

• • ■ % 
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I, y =. - 6x^ + Jlx - 10 



Self-Evaluation ; 

Simplify the following polynomial function 



y x^ - 9x^ + 2)( + 30 



Answer; y^ = x^^ - 25x^ 
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INSTRUCTIONAL ACTIVITY 

Objectives 19.2 (a) and 19.4 (a ) . 

^ Determine the coordinates of the images of points relative to 
a given transformation and sketch the points with respect to a new 
axis, (b) with . respect to a rotation. 

Determine the equation of the images of conies relative to a 
given transformation and sketch t^^ curve, (b) with respect to a 
rotation. » , 

Task 6 - Rotation of points and conies. 

„Read pageStf,205 - 209 in your text. In the reading material 
at the top of page 206 you might need to refer /to the first chapiter 
Qf your text for a review on trigonometry. Also you might wish t^ 
refer to page 31 in your text (the discussion on direction cosines.) 
Equation 2-6 is found on page 38. 

.Examples 6 - 9 and 6 - 10 in your text should be very helpful. 

■ After reading the material on pages 209 - 210, work problems. 
1 (a,c, & e) and I (ajce, &g). Problems 1(a) and 2(c) are started for 
you. ' 

1. Find the coordinate's of each of the^fol lowing points after 
. j the axes Ijave' been r'otated through the given angle, 
(a) (3,-1) and 0= 30° 



• .157' 
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Solution 



X COS 30 



0 • 



-sin 30 



0 



or 



y sin 30" 

Hence: 
X' = [x,y 
y' =^ j^x,y 

X' = [3.-1] 



cos 30 



0 



[cos 30°, sin 30°] 
[-sin 30°, cos 30°] 

[2 • 2 



. ^' (x'. y') 

* Answers : 



l_»Y§r. X' 
2 2 



3v1^.1 



y' -3 -VT" ^ 
2 



2. Rotate the axes thr^ought the given angle and detemine what the following 
equation becomes. 



5x' + 4xy + 8y^ =■ 36 and o = "cos"' ^ 



I * If you are confused about the notation 0 = cos "1,^/];^* 



7' 



184 



•0- 
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refer to a textbook on trigonometry. 
"Inverse Trig. Functions" 



Look under the topic 



Since cos 0 



and 



VTq 



y =[x'.y'j • 



10 



Hence the equation become^: 

5( \ ' )^ + 4( ) ( 

expanding and- col lecting terms yields 



) + 8 ( 



' The simplified equation is: 



equation of a 



which is the 
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\ 



Before you continue, take'^a minute to look at some of the 
equations you have either translated or rotated. Why is it necessary 
,to perform a translation on one equation while on another you per- 
form a rptation? Go back to page 199 and. look at the equations 
there. (These you translated.) Now look at the problems you 
justt finished (on rotations). 

^ ... 

Below are some characteristics of the two types of equations. 
Read them and pick out the ones that are characteristic of the^ * 

problems on page 199. 1. and . Pick out the ones thafare 

characteristic of thejMloblems on rotation. 2. 



and 



Pick 



out the two that an equation you translate and ah equation you 
rotate do not have in common. ■ 3. and ^ 

(a) Equation is second degree. \ ■ 

(b) Equation contains linear terms in,-k and y. 

(c) Equation contains a terin in xy. 



Answer's:) 1. a&b ,2. a&c 



3.' b & c 




Since you performed a translation on the problems 6n page 199 
and a rotation on the set of problfen)s in the study .guide, decide- 
what you ^should do to siinplify the problems below. (Answer with 
either translate 6r rotate.) > 

a. ' + ax t y2 ^ 2y + 12 = 0 

-# ' . 

b. 3x2 - 2xy + 5y2 * 9 = 0 
' c. x^ + y? - 2x - 4 0 

d . x^ - 4y + 2 = 0 



9 o 

e. • Sy'- + xy - ^ + 4 = 0 



Answers: a. translate, b. rotate, c. translate, d. translate, 
e. rotate. 



SEtF-EVALUATION; Objectives 19.2 (a) and 19.4 (a). (You may use 
a trig, table. ) ' , 

1. DeteVmine the coordinates of the following points when the axes 
have been .rotated through 60°., 

a. (1,4) ^ b.J (2,6) ^ ' . 

♦ « 

2. Determine . which of the following equations must be 'rotated in 
.order t6 sinifvify the equation. Simplify that equation by 

rotating the axes through the anglq e & 135°. 
;. ■ . . a. 3x^ + 3y^ - 12x + J.2y - 1 0 \ 

b: ~ 6y - 4x + 5 0 " . 

c. jc'^ 4xy + y - 5 
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Ins trllct tonal Activity 
' "task y^'tDetermtnfrrg^' a totatton fbr a '§lyeh conic. 1 

Objective 19.5 (b) . * . ' 

^Gtven the trtage of a conic, describe the transforjnatlon and 
sketch the Image with respect to a dotation. 



Read pages 210-212 (stop at last paragraph on 212).'- You might 

wish to refer to the first chapter ip your text, page -16, '.or see a 

trigonometry text In trig, identities. i 
• - \ ■ • . 

.At the top of page 211 In your text, the author states, "If 

sin 26= 0, we must have 8=0. Why'is this so? 



/ 




To obtain equatioiV.>^6 see the drawing below. 

4 

Cot 2 0 = A - C 




Answers : 



What is the length of the hypotenuse 
of the tria'ngle pictured at the left? 



Henge Cos 2 0 = A - C 



+ (A-C)2 Cos 20« . 



+ (A-C)' 



0 
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Why is o a positive acute angle if cot 2 e and cos 7 0 have 
the same sign? . - ' " 



Answer; The only quadrants where cos 2 ^ and'cot 2 0 have the 

same si^n is in quadrants 1 and 2. Hence 0° < 2tf < 180° and ' 
. . O'' < (9 < 90° 



.After reading-the material and studying example 6-11, try working 
problem 11 (a, c, e, j, and n) on page 216. Problem 11(a) is started for 
you:- • . . 

• I ' • " 

11. Remove the x y term, identify the conic, and draw the grai^h of 

each of the following equations. ' ^ , 

(a ) xy = 2 , . ^, s • ' ' 

A - C 



cot 20 



B 



cot 2 ^ a _1_ = 0 . 



sin^ ■» 



cos- 2$. = 



A - C f 



±iB^ + (A - c)^ 



Cos 2 0 ' 

cos 



0 



Hence 0 » 



y '\ 



X' 



JL 

V2^ 



JL 
1 
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and y. 



J 



Substltuttrig for x and y in the^equatfbn^ 2 the ib^^ 
becomes ; " - ' 



or 



) = 2 




whieh is the equation of a(an) 



i. 



Answers':" ^ • 45*^, )l * 



^y- y' 

V5 



. y»* 



\ v5 A / 



. ^' > V >Sy=2 becomes . 
2 2 

= 2 or - y' 1= 4 which Is 



the equation of; a hyfierboVa, 



li 

■V ^ 



4 



/ • . -I 



■ / 



•■ /- 



Objective 19.5 (a) - • . " ' - " 

^ f * ■ ' 

Given the Image- of a cdnic^, describe t-he transformation and 

sketch. the image with r^speot to at translation and a rotation-. 



Instructional Activity . . 

■ task f (Describing a' Tran^'f'^^ 



/ 

/ 




Read pages 2t2 (last paragraph) through 21-5 ih your text, 

• . ■ - 

'After reading, pages' 212-215, yoL|/should be abl^ to 

♦ " . . ■ ' 

answer the following questions^ , " 



1. It is necessary to translate iind to rotate the axes in 

order to obtain the equation irl its simplest fdrm when both 
terms and^he ■ chid/or / terms 



appear 'in the equation: ^ 

■ 1 , 

2, In order to determine the orq^of transformation (trans- 
late and then rotate, or rotaTPand then translate) you 
- should evaluate 



/ 



/ 



/ 



3. If the value of the answer to'problem -2 above is zero-, - 
you . the axes and elimihate the xy term • 
before translating. " . ' ' 

' /* ■ * 

/ . ■ • , 

4. If A = C in th/ equation, the angle 0 through»which the 

■''■■/ 

axes should be rotated to eliminate the xy terwis 



Answers:. 



19-63 



1. . xy»,j( and/or y 
2. 4Ae J_-B^ - 



3. rotate 



4. 45' 



Now work prpblems 5, 7, & ^ on page 215,. 
Problem 5 1s begun for you. 

Simplify and discuss each of the following equaUq 
the graph. • -> ' 



^/. 



and draw 



5. '^24xy - 7x^- 1 20x - 444 = 0 OR -7x^ ■+ 24xy - 1 20x' - 144 



Since.4AC - B'^ 0, you should 



120 
0 



24 



0 



-14 
24 



24 
0 



0 



(24)' 



"T'the ,< 



axes first. 




k « 



•14 



24 



120 

0, 



-14 . no 

24 48 



24 (120) 



(24)' 



/ 



♦ • - 



After transTnion of the laxes' to the point {Q, -5) as a new ' 
origin, the given 'equation becomes -7(x' ^ 0)^ + 24(x-' +''o)'(y" - 5) 
-120(x''+ 0) - 144" =""(5 which reduces' to 



Next rotate, the axes to eliminate the x^y* term. 
Cot 2 0 = A - C 

^ Cos 2 d = A - C ' • 



+ ,tA-C)2- 



.— _ \ J 1 f CQS 2 

v^^"^. ^> =J 1 -^cos 2 / cos e =\ rT~^ — 



sinf e = COS0 = 



Check at this point to see if your answers for s-in $ and cos 
are feasible by ^ using the identity, sin + cos ^6= 1. 



X" 



x; 



' . .and x" = 



y" = 



The new equation becomes: 



Rewr^t^tng the equation W slraple^form you have •• ■■ 

The cu)*i^e is-aCan) ;; . Now use the. skills' 

and methods you acquired l/i unit 18 to discuss *and sketch the curVe, 



I 



^ 



r 



a 



Answers: translate, h=0, k=-5, after (trans'lailoti the eqiiati on reduces 

to -7^'^ + 24^ V/- 144 * 0, cot 2 = ^ , cos =5 

4 . ( • ' 

sinfl = X' = ^x'^- 4.y" , 4x" + 3.y ", the new equation 

becomes -7 ^ 3x"^- 4v "^^ + 24 ^ 3x" - 4y " j ^4x"^-f 3y "j> -144 * 0 

Writing the equation In simple form you Jiav^, W - y^ = 1 

16 9 

which Is the equation of a hyperbola. . • 



Self- Evaluation Objective 19.5 (a ) 



1. ^ Simplify the fon(iw1ng equ^lon and Identify and discuss and 
sketch the conic. - 

a. llx^ - 24xy + 4y^ + 30x + 40 ^ - 45 =^ 0 



Answer Qbjec tive_19_. SjaJ^ 

. 1 . Hyperbola 



X' 



T^^l ^^^^ respect to the now axis' the vertices 
(4,0 atid (-4,0) the foci are (2^. 0) and/-2^-.0) The 
equation of the asymptotes are 4y"'= 2x" and 4y'' = -2x" 
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Unit 20- 



-p t - ■ ■ 



•Polar Goof dtjriates 




Rationale: 



The rectangular coordinate system, based on a grid composed of • 
two -mutually perpendicylar I'ine^ in a -plane, is Jthe most common 
. coordinate system. It is not however, the only ooordinate system, nor 
is it th^"bei,t sj^steiti' i'dr^ve^'' pY'obl^ ' . ' ); ' . ; ' 

^ ; , 

" In this unit we will tak? a look at another's^tWi, the jjolar 
coordinate system. The polar coordin^ite system is based on jpi grid - 
composed of a system of concentric circles .and a system of rays 
radiating from the' common center of the concentric circles. ' 

' The common center,, called the pole," and- a^ fixecl ray, calpled the 
polar axis, is the frWe of reference for this system. The polar 
coordinates of a point ,P are written as an ordered pair ( p wlaAre 
, p is the polar distance (The distfance from the. pole tp the '?5Int- P) 
and 0 is a measure of the polar angle (located'by rotating a ray about;- 
the pole, from the polar axis in«either direction and terminating 
the rotation in a position such" that the ray contains the poi^l; P. 



ObJ.eativee : - / ' 

20.4 Find the aoordinate8..of \he intersection of two polar equations. 

20.3 Graph a polar equation and name the curve among (-epiral, rose, f 
iimaoony aonio^ Idmnisaate) .. . • " • ^ - 

20-^2 '■transform reatangular equations to polar equations and , transform 
polar equation^ to r.eotangular' for^u,-^ * ' " • ^ 

20[1 Transform th^, aoordiniates. of a pdint in' p<y'(dr form to>^eotangular 
form drpi fVQm rectangular form to polar' fdrm.- ■ \0 
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Prerequisites 

.Units 17, 18, & 19 ip 

^ Procedural Optior>% . ' '/ 

• — 

The procedural options^for Unit }^ are the .same as for UnU 

17. You shbuld begin with objective 20 J and then go\to'20.2, 

* . . . 

20.3, and '20.4 in thaWrder. . , 

Unit Act fvit'ies ' - « . ,- . 

Lectures 8*^^nd 9 ' ■ ■ ^ 

The lectures <^r this unit will have the following outline: 

Lecture 8 \ Transforming equati(fns'' , . . 

1. Transforming copr^i nates 

(a) from |)olar to rectangular form 

(b) from r>!ctangular to polar form 

2. Trans-forming equations - 
(a) from polar to rectangular form , ■ - 

from rectangular to pel Sir form 
Lecture. 9 Graphing^^olar equat1^bns ^ ^ 

1.- How to graph polar equations 
Notice objectives 20.1 and 20.2 are covered in lecture 8, and objective 
20.3 is covered in lecture 9. . • 

Objective 20 J 

TraQsform the. coprdi nates of a point In* polar: form; toVectangular form ' 
ami from rectangular fonH'to polar form. ' 



> Instructional Activities 20.1 ■ ' - ,^ , ji 

1 . Your text - ' ' 

p - ^ Merrill, W. K. Analytic 6eomet»:y, pp. 228-232^. 



Exercises:" 230, problems 1 , and 2 (a^iO»ie,g,i ,1 , & n) , 
Your t&xt ar^l Study Guide . \ •« .. ' . 

3. ', Other Reading Sources . . , " ■ / ' ; • 

' Fuller, Gordon, An alyt ic Geometry, pp.. 1 1 8-1 22/ (down to example 3 ) ( 
^ Protter-Morrey , Analytic Geometry , pp. lS0-181r^ * / 

4. Individual AsSfi stance • ' *■ • . . .■■ 

5. .Informal Group Sessions 

6. Lecture 8 - 




Self-Evaluation : ' ' ■ ■ 

1. Convert the. Jol lowi ng points from cartesian to polar ■ coordinates : 
(a) (4-/2, • , . . , ' . 

.. (b) (0, 3) _ , , ■ ^ 



J 

* .V. ■ . . A 



2. Convert the following points from palar coordinates to / 
cartesian coordinates: 



(a) "(-2, 60^) - 

> 

(b) (3; 45P) 



c 



I, 

■4 



r 



■J 



. Ms.' 



A ' 



Answers 



1.' (rL(8.-45^) 



■ 0 
I 



i(;b|' ( 3,90°) ' 

(b ), ( ^^^"^ • 



* not unique 
2 ^ 



9» 



vERiC 




* ' .». 



4 



'.9 



. • ■ ^ ■•■ . Objac^t X ye 20.2, • ,. 

^ • ' Transforln )f^ctanyd}ar equations to pof&^^ 

. transform polar equations- to r*ectnaguldrVorm. ' ' 




jnistructional 'Activities 
1. Your Text 



Morrill, W. I<. , - Analytic^ Geometry , |ip.- 232-234 
/v^ .^xerci§es^,pp,. 234 , protflems-l and 2 > 

-2. Your Text and 'stu'dy Guide ' 



3. Solved Problems ^ 



'■■■■* 

- Schaurn^s Outline Series, Theory and Problems of Plane and S olid 
. Analytic- Geometry , pp. 76- problen) 13. 14. I5..and1'6. — 



'• ' 4* Other Reading Sourees 



0 < 

4 



- Prdtter-Morrey , Analytic Geometry , pp-. 187-188: 
6'. /.Individual Assistance \. \. 

6. Informal. Group. Sessions v 

7. Lecture 8 " ■ ' 



• Self- E va 1 uat i on ■ Objec t i ve 20 . 2 ■ 

^ L n^PAf prtti t he__fMlowing equatlQiis'. to _i'££±flngular ^forra_ 

(a) p2 lin 20 =.16 
^ (b) ; p2 4 tan 20 - 

'2. transform the 'following equations to polar form 

(a) 2)^:*8 ^ . ■ . 

^ . . • (b) '+ y2 2x - Q. * 



j:- .(a)>xy - ]6 

2. (a) p2'sin 20 ='"8 



1 



L 



*p (b) /♦ - y'» » S^y 
,1 (b) p « 2 cos'O 



r 
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■ , 9bjectiye'2.0./ . '' \ ' 

" -^1 • ■ • * _ . 

Graph a polar equation and name the fcgr ve among (spiral, rose, 
* limacon, conic lemniscate) 

Instructional Activitie s ^ , " . . * 

1 . Your Text ' . . - ,v 

1 ■ 

Morrill, K., Analytic Geometry , pp. 234-253 , ^ . .' 

• Exercises, pp. 236, problems: .1, 4, 7, 10, 13, 16, 19, 22, &25 

^ P. 238, problems: l(a, b), 2(a , c)» 3,.4(a, c, e), 
. ■ ' 5(a., c>, e)', 6(a, c, e,) 

pp. 247-248, problems: l(a, c, e, g,J. p). 2(a, c,e, g, 

• . . . . i., k, m, 0, q) / 

p. 251, 'problems: l.(a, c), 2(a, c,e) " ^ 

2. Your Text and Study Guide . ' ■ . 

' 3. Solved Problems - ^ ; ^ v 



Schaums Outline Series: Theory and Problems of Plane and Solid 
Analytic Geometry , pp. 74-80, problems, 3, 4, 7, 8, 9, 11, 12, 21, 2^, 
23, 24, 25, and 26. • s > . 

""■*) ^ ., ' . '■ , 

4. Other Reading Sources 

■i -.f , ' * • 

Protter-Morrey, Analytic Geometry , pp. 182-186' "'^ 

Fuller^ Gordon, /^alytic Geometry, pp. 126-133 
5i Indivi^tml Assistance . ^ 

6. Informal Group Sessions ' \ 

7. Lecture 9 - . , 



Self-evlauatlon Objective 20>3 



I 



■ 1 ! Graph and name tl^e curve p = 4 sin 2 '0. 
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' Answers : 
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' Fnti^rcepts^ 

v.. 

p' ' 0 



Objegtive 20.3 



90 
0^ 



0 



- — 
180O 



■ 0 



270° 
0 



.Vjf 

Symmetry: 

, Si nee the exponent of p is even, the curve is /syirttietfic viith 
respect to tite pole. 

/ ■ . . " y ■ " / V- 

Extent: sin 2 9^1 and sin 2 9 = 1 when 9 = 45f 



• -Plotting 



p is imaginary when si^i' 2 9 is negative ' 
Hence, the curve lies in qu£(drants I and hi J 

-if 







f 


9 


or 


30° ' 






0' 

90 




P 


0 ■ 


1.9 . 


2 


1.9 


0 




lemnlscatQ 



1 



' ; Objective 20.4 ' 

find the coordinates of ttie 'interseclion of two polar, 
equations. 



/. 



Instructional Activities " ' 

' ■ « 
1 . Your. Text . . 

Morrjll,, W. K. , Analytic Geometry , pp 253-2! 
Exercises, p. • 258, problems 1 » 3, 5, 7, -9, 1/ 

2'.. Your Text 'and th| Study Guide 

3. Individual Assistance 

4. Informal Group Sessions 



Self-Evaluation Ob j ective 20.4 

1. Find the points of intersection of/ 



p = sin 0' 



and 



.10 •• ' 

Answers i ' ♦ 



1 



1. (TT 



, 45^ ) ^and the pol^. / no.t unique 



2111 



Of 
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Unit 20--rft6lar Coordinates 



Rationale: 



The rectangular coordinate system, based on a- grid composed of 
two mutually perpendicular l/infes in a plane, is the most common, 
•»QpordinatG system. It is not /however, the only co'ordin&te system, nor 
is it the best system for evejry, problem. 

11'' ' 
- In this unit we will /taice a loc^ at another system, the polar 

coordinate system. The p61rfr coordinate system is. based oTi a grid - 

composed of a system of concentric circles and a system of rays 

radiating from the common aenter of the concentric circles. 



The common center,/ Ccyl led the pole, and a* fixed ray, canea the 
polar axis, is the frame of reference for this system. The (solar 
coordinates of a point/p are written as an ordered pair (p, 0), where ' 
p is the polar distanc^ (/The distance from the pole to the p|3int P) 
and 0 is a measure of /the polar angle (located by rotating a[ ray about 
the pole, from the poilar/axis in either direction and terminfe|ting 
the rotation in a pos/itiibn such that. ^he ray contains the point P. 



20 i 4 Find 'the;oe}tifrdihateG of the in ^ev^'detj'biorir-of- two polay ' eq uatJipriB-. - . ' 



20. 31 Graph a'^poljar^ebuaHon and nme^ t^^bji/i^j»^\<i^ 

i • '■■ ' ■' ' ' ■ * ,. ■ ■• 

^^O.* 2 Tvdndfoi>m i'^otangular equations to polar equations and tranef&m 

• polcLT equations to reotangutar form. - . - • . . 

20,1 Transform the Qoordinatee of a point in -polar form to rectangular 
form and fi^om rmtangular form to. polar form.. $ 



0^ 



< • .1;. ■■■ 

Instyuctional' ^ActVyi tfes : 
' (Sbjeotive ZQ:^ • 



V 



. Transfocm the coprdl nates, of appoint in polar fonn to rectuangula^v 
.f<irm and from rectangular fonn to polar form. 



Task 1. (Plotting Polar Coordihates) ^ . 
Read pag^s 228-230 in your text. • 

After hading the pages (228-230), work exercises 1 and 2 below and ' 
work problems 1 and 2(a. c. e, g,^, ,l, and n) on page 230. 

Exercise 1 . ' \ , 

Below is a set of figures (a-f) and a set of coordinates (set A). Pick 
'out all W (from set A) that name the given ^point in 

each figure (a-f,)/ NOTE: Each mark = 15°. . ■ 



A = {(4. 15°). (0. 9X. (2. -30°), (4. 30^. (-4. 60°). (2. 30°). 
(4, -135°). (-2. -150°). (4; -150°).. (2. 105°); (-2. 150°). 
(2. -225^). (-4.^45°). (4. -345°).' (4. -120°) 





13 



Exercise 2. 



si'- 



Plot the following polar coordinates! on the polar coordinate system 
"Vurnished below: . > 



•i.. \ 



(a) (3, -60^) (b) (2, Tt) (c)' (5, 0°) (d) (-6, -30^) 

(e) (4, -1^) V) {-3; -3Q0°) (g) (0, 7&^) (h) 3^-2/(p°) ', 



\ 



/ 



-4.;— « — 



< 



/ 



2i5 



ERIC 



;!v ■ • • • . 

, Answe rs ' " . u * 

ExerctseJ. ' " ^ 

;v^ (a) iZ, 30^), (-2, -150^) / 

, • (c) (2, 105), f2. -a25°), 

t • 

• ' Ce) (2, ^30°), (-2, 150°) 



(b) (^4* 45°),: (4, .1350) 
(d) (-4, 60°), (4, -120°) 
(f> (4, 15°), {-4, -175°), '(4/ -345°) 



Exercise 2. 





• 

• ■ •■■■\ • 


1 






/ 




















— — , »u_- _J 











» : 



\ 



Task 2. (Converting. Polar Coordinates to Cartesian) 
Read pages 230-232 (down to Ex. 7-3) 

(You will need. a trig table for the exercise in this ^«sk.) 



Wot^k Exercises 1 and 2 b^Tow. 



214 



• 
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Exercise 1 . • * 

V J, 

Convert the folVowIng cartesian coordinates to polar coordinates, 
(a) Ca, 3^ .^l, (-.2. -2) .(c) --4^) (<f)' (r 3^,; |) 

'(e) (-f..-S^) • . - • ■ 



Exercise 2. . ' ' / 

Convert the following polar coordinates to .ca»|^6si an coordinates, 
(a). (3. 180°)^ Jb) .(-2.,. 60°) (c) (4, 90°) (d) (-2. 210°) 
<^)- (-3. -30°) . / ' ■ 



Angwers , . 

Ex-erci.se 1 , . ' • 

(a) (3/2. 45°) ; (ti) 225°) (c) (1, -30°) (d) (3.120°) 

* 0 ' 

(e) |5, 240 ) (answers not unique) 

Exercise 2. , 

(a) (-3, 0) (b) ' (l.fV3') (c) (0. 4) (d) (/3. 1). (e) (-^, . |) 



S 



Self^Evalua^tioh Ob jec t<1 ve 20 . 1 

J -« ■" *'' 

^ Cnnvew|; the following points' from cartesian coordinates to p6lar.r^ 

jrdi nates: . ' ' , 

'■ . 

(a) v(4/?, .4v^) 



(b) (0. 3) 



.1 




2. Convert tbe following point from polar coordinates to cartesian 



coordinates 



(a) (-2. -60^) (bi/(3, 45°) 



^1 



er|c 
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Objective 20.2 



equations' to pdlar equations and transform . 
• pol^r equations to rectangular form. , '«> ' 

Instructional Activities . °' ' 

Task 3 (Transforming rectangular equations to polar 'e4MatiP"s. ) 

Read page 232 (Example 7-3) in your text. Also at the top~^?>.age 233 
is anotheV example (part 2 q&^ample 7-4). ' 'A 



Notice that to transform a rectangular equation to a polar equation, ' 
you have several approaches. ♦ . " 



First you know that: 

x'"= p cos ^ and y = ° '• ^ 

Also you know that p = ± + y^ " \ ^ - ; 

^ Answer : y = p s i n 6* 

^ ■ ' . ■ ' 

You also have- all of. the skills you acquired in college algebra and 
trigonometry available to you in order to heTp'you sijnplify th3 equation 

' f ' ■ V 

In this set of problems practice is the best teacher. 

On page 234 work all of the exercises in problem i, problems (!fei) and (c) 
are begun for you. / , . ' ' 

-1. ■ Transform each of the following equati.ons to polar coordinates, 
a. • X + y"^ = 16 .; 

V2 2 : 

X + y \ . ; 



p2 = ± (x*^ + y^) 
9 2 

Heji^ x^ + y =16 becomes 



Since x = p c<9s, e< and y ' _ 

y2 - a 4 becomes ( \ ^ )^. - cos^e= 4'; 

and simplifying yields ... , ^ . ' ■. '.; ' . 



Answers: (a)" p ^ 4 or p ^ -4, .(b'j p sin 0 .= 5", ' (c) p.^cos 2e = ->4 ' 
(d) p^-2p cos e+3sin 6 = 6 (e) p^ (cos^'e + 1) = 16/ 
(f) p'^ sin - = 4- ap cos. e(g) p'^ cos'^e - 32p sin 9 - 32p ^iri 0 - 256 

task 2 (Transforming from' polar equations to rectangulaV equations. 

Read pages 232--234 (begin with Example 7-4). (Jn page 234, the last paragraph 
in section 7-3 is very important - read it carefull^„. 

Now work'all of problem 2.' (a) and (g) ,are begun for yotl. ' ' ^ . . 

2. Transform each of the foUbwing equations to cartesian coordinates. 
;(a) " ,p sin e = 4 - ' • 

"Since p s1n..o = y , 

•it 

•'p sin 0 « 4 becomes " . . 

(g) p = 3 cos 2 e \ . , 

P ^- ■ . ■ - 

. p' (p - 3 cos 2e ) ; • ; 

P'^ f 3p^ cos 2 e 

' • <^ ■ » '■ • ■ " . ■ ^ 

Sirtce qos 2^ ^ cos^^ ^ - sin^ 0 the equation becornes 



2.0. 



or p ?ii * ' .... 4 

2 9 

. substituting X , - • and . ^ ■ 

• ■■ - . " . ■ . ■■ • " ; ''^ -^ -. , • ■ ■ ■ 

yields" = . ' , . 

— — • ' "T, _ 

Now squaring bgth sides v . ' ^ 

' ' yields (p3)^ = ( " . - ■ . )2 

* or = ; ■ . ^ ' " ■ 

"Substituting for p^ = • • 

yields ■ ^ ■ . . 

Now you must verify that your answer (x^ + y^)^ ='9(x^ - y^y^ can 
be converted from ^Rectangular fb.rm to polar form.. 

* V , ' 

^ V - 

Answers: 2 (a) y = 4 (b) x^ + y^ = 3x (c) x^ + y^ =15 (d) 2y = x 
- . (e) x2.+ y2'=x (f) (x^ + y^)^ =\(x2 ^ y2)2 

(g). 3x2 _ y2 ^ j^2x. + 9-0 (+i) 4x^ + = (2y + + y2)2, 

J- 

% * ** 

Self.-Evaluation: Objective 20.2 ' ' 

- - * • ' 

1. Transform the following equations to rectangular- form. 

p . • 

(ft) p*^ sin 2e = 16 . " . ' . , . ' 

(b) p « 4 tan 2e 

2. Transform the fol^owtVig equatiorfs to polar/fo^. 



(b) + - 2x = 0 



J 



$ 

i . ." , 

Artswers: > . ■ ' ' . 

* * * * ■ ■ 

1.' (a) xy « (b) - = 8xy . " ' 

a. • (a) sin 2e = 8 (b) p = 2 cos e 



21 
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INSTRUCTIONAL ACTIVrneS: • 
Objective ^20.3. 

Graph a polar equation and name the curve among (spiral ^ rose, limacon, 

conic, leinniscate'). 

■ • ' . ■ ' • .. ' 

Jdsk 4:Polar (Equations of the line and circle). 

Read pa^es 234-236 and work- problems 1, 4, 7, 10, \3, 16, 19, 22 and 25 on 

t 

page 236. . 
Problems 1 and 4 are begyn for you. 



Identil^ the locus of each of the following equation?, draw its graph, and 
transform it to cartesian coordinates, 

1. p sin = -4 Ms a horizontal line through t-4^^0~}— - 

Sketch the graph ija^e space provided below: 



I ■ 



p sin 9 = -4 
Since p sine = 



p sin e=» -4 becomes 



4. p cos (8 + 45)° « -2 C 

. ■ \ 



Since a « 45® the normal axis makes 



an^angle of 45° with the^positive x-ax1s 
and the normal intercept p • -2. Sketch 
the normal axis arid the llnein the space 
provided at the left. 



^ /v /w 



p COS (e^ 45)^ = -2 , 

ej^panding yields , ^ " 

, . :.. ... * ■ . 

p coSg cos 45° '+ p sin e sin 45° = -2 
Since p c6se -.■ and p s'in © _^ 

the equation becomes 



J' 



After working the problems on page 236, read pages 236-238 and work problems 
1 (a and b), 2(a and'c), 3. 4(a, c/ & e), 5{a,c, & e), and 6j(a.c. & e). 
^Problem 6(a) is begun for you. 

6. Find the ceUtei^ and radius' of each of the following circles and draw its 
graph. . , 

-(a).; ' ' . . • 

' p = 3 cos -6 - 2 sin e ' ^ 

2 ■ ■ ■ ■ . ' 

p = 3p cos e- 2p sin 0 (multiplying both sides of the equation by p). 

Sirtce p cose = ' p sin e = ', and = _____ 



the equation becomes 



Answers: x, y, + y^, / = 3x - 2y^ 
Hence the center can be located by Completing the square, 
(x^ # 3x ■ ) + (y^ + 2y • ) 



s 



The center is ■ _ and the radius is 



Answer; Center (3/2,-1). radius (13/4). 



Aft^r finishing the problems on page 238, read pages 239-247. On page 247 
and 248 » you will find a set of problems. Mck out and work several proi)lein$ 



from problem 1 ^nd several from problem 2« In problem you should' pick 
out one each of the circle, line, cardlold, 11macor\, -rosfe, a conicl and spiral 

' ' • ' ' * ^* ■ * 

>» 

•Ejcainjales 7-U, 7-12, and 7-13 in your te;<t should be very helpful 'to you. 

Notice that problem (g) p = a'^Vb cos 0 is example 7-11 when ^ » 1 and b = 2. • 

Probleirt (j) p f sin 20 is- example 7-12 when « 4, and problem (m). 

p = _J< ^ is example 7-13 when k =? "2 and a = 1. " ' 

a ± a cos 0 

After finishing the problems on pages 247 and 248 read pages 249-251. On page 
251 work problems 1 (a.& c), 2 Ca*, c, e, & g), 3Ca, C, e, & g) and 4(a, c, & e 
Example 7-^4 should be helpful to you. 

Self-Evaluati'on Objective 20.3. • ' 

1. Graph and name the curve p 4 sin 2 o , ■ • , 



224 



Intercepts 



6 


• . 0° 


r-- ' — f 

90° 




■ 1800 


270° 




p 


.0 


0 


o ' 


0 





Symmetry: 



Since the exponent of p isi even, the curve is symmetric wim 

i ' . . ■ • 

respect to the pole. . * 

Extent: 'sin 2 9 k V and sin 2 0 » 1 wlifen 0 « 45° 

p is imaginary when sin'2 0 is negative 

9 ■ 

Hence» the curve lies in quadrants I and III 



Plotting: 



0 ^ 


0° 


. 30°' 


450 




60° 


0 

90 


P' 


0 


1,9 


2 




1.9 


0 ■ 



<•■* 







' 1 ' 


4 


• 
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Objective 20.4 . 

'Find th^ coordinates of the jntersectiorv of two polar ejquations. ' • ^ - 

^""" Ms tr ac t^ ona 1 . Ac t i V i t i es - 
. ^ Tasks (Determining intei^secti on of polar equations) • , . . 

Read pages 353-^255 (Stop at Exa'm|fte 7-17);. After ,r6ading, this material ,>i " 
you should be able to answer the following questions: ^ .. 

• ' • "I • 

K To find all the points of intersection of 2, curves there are three 
things to do. Jhey are: . ' ' ■/,^, i 

(a) Determine if the pole lies on both Curves by solving , 

' ^ the .equations' f(0, 9) ^ 0 W--g( - ) ='o -separately. 

. 7^ or, the other of th 
.the pole doesn't lie on the curve'. 

(b) Solve the equations f(p, 0) = 0 and g( ' ) = o 

(c) Solve the equations f(p» 9) = 0 and 



2. In Example 7-16, why is a sin (9 + 2k7r) = a sin 9?— - ' 

3. In Example 7-16 (middle of page 255), why is -a lin (9 + {2.k + 1} n) =' 

. ■ ' ' ■ ■■ ' " . ^ . . 

■ a sin 9? . , • • , . i 



Answers : i-' ' 

' ■ • - .■ , 

• . ■ ' • 

K (a) (p, 9) (b) (p, 9 + 2kiT) (c) g(-p, 0 + {2k + 1} n) * 0 

..... *\ - - ■' • . \ > ^ 

2. Since k is an integer, thfi angle + 2kiT) becomes (0, 0), ' . 
(0 + 2it), (a + 4tr), and (0 + 6it) for the vVlu^s of k « 0. 1. 2, 
' ^ arjjH 3 respectivoly. Hence: sin (9 + 2kiT) *> sin 9 I 
) 3. Likewise, tN angle C0^*{2k + 1} n) becomes (9 + n). + 3it), 
. (0 •♦•'Btt). (0 + 7Tt) and'(9 + 9^) for the values k' « O.l I. 2. 3. 



and 4, respectively. Hence: a sin ('O + {2k + 1 } .ir) « - a sin 9 and 
:- a sin (0 + {2k + D tt) = - (-a sin 0) = a sin 0. ' . 



Now read pages 255-258, . / . . . 

In studying the table a*t the top of page 257, you should notice 
that the 5th column, p = n - 0 is found by using the value obtained 



for 0 + 2kir in the fourth coliimn. Hence f or k 1 , p = ti - 0 becomes 

3jr / it'' 
2 ^^-2 • 



p = If, -. -r-o -V 



After reading these,. pages, work problems- 1 , 3, 5, 7, 9, and 11 
on page 258. Problem 1 is begun for you, 

Fi<nd the coordinates of all- points common to. each of the following 
pairs' of ctirves. - • 

1. p =3 cos 0 2. >= 3 sin 0 

Checking to see if the pole is common to both curves: 

0=3 cos 0 ' 0 « 3 sin 0 > 

cos 0 = 0 ^ • |\ 

0 = , ' 0 = ' 

Hence the' pole - (is, is not) a poi-^t of , intersection/ 



J. 



.Now let f(p, 0) =*-p « 3 cos 9 and g(pj 0) % 



Using the ..first pa ir^of/ simultaneous equations 

_ = p ^ 3 sin (0 + 2kTT) = 



Simplifying yields: ^ ^ ' 

............ , , ,. > ■ ■ ■ . ^ 



Hence 6 ' ' - ' -.^ and 

^^< nn i»i i ai t «it^i>..i „ >» rt i m iii n hi^ w v i)i - I'll I i i < 



Substituting these values of 0Mn the equation. p = 3 cos 0 yields 

p ^ * and p =» ' 



i 



Hence another poinf of intersection is ^ or 

NOTE: Answers above should be the same point. 



Using the second pair of simultaneous equations 



yields ; " > .. ' 4- 



and ag^in tan 0=1, hence there are no new. points ofj intersection. 



Answers 



0=0, is, g(p, 19) = p-3sin0 p - 3. cos 0, p - 3 sin 0/ 

tan 0 = 1,0 = and 5|. . ^ ,d • p .= V , . 

■ - ' I ■ . . , 

l"T" ' (%*^ ), p - 3 cos 0 = p + 3 sin (0 + {2k ■»• n;^) 

' p ^ 3 sin 0 -or -3 cos ^ '= -3 sin 0 , yields tan 0 =»1 



Sel'f-^valuation Objective 20 J . ' 

1. Fihd.the pbints of intersaction of 

^ p = sin 0 '. . , ' ^ 

' and. • ' : " 

• ■ p = cos 0 ' ■ 
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29 • 



Answers : 



1% </2 •* 



I-^. ) *and the pole, * "^^^^^^ 



ERIC 



Urfit Analytics 



Rationale: ' ^ ^ • 

■Assume you are the, pilot pf an airplane, and you wish to locate your", 
.position with respect to a certain city. How would you describe that position?, ' 
You could say you, were so many miles north, east, south, or west (or any' 
compass direction) from that city. That still would not adAquateiy 'desiri.be 
your position since you might be at a 100 Ft.- altitute or on the ground. Therefore 
you must also add an altitude reading to your position. 

^ ■ ■■ - - > • ■ 

V As you see there are some cases where a "plane" coordinate system . 

(a system of 2 mutually perpendicular lines) is not sufficient. Therefore, 
this utiit will deal with problems in 3-space. , 



\ 



Objeatived: 



21.6 Giveh euffioient bonditiohs^ to deearibe three planes j determine: 

1. ,;the equation^ of the planes 
, * 2. tnk solution (and describe if unique:^ a line^ or ooplanar) 

3. the^distanae frqm a point to any of the planes 

4. the cosine of the angle formed by two plane$ 



,21,5 Oiven sufficient conditions ^o describe a. line in -th^ee dpaoe^ 
determine the\equation pf the line in any requested, fom* . 

• ■ . \ » ■ 

21.4 Determine the equation of a plane and sketch the plane 

1. given three cbt^ditions . ^ . • 

2. given the interbept form . / 

3. . given the genemt\form cue by f cz + '4^0^ 

21.3 Perform the following op^at ions on space vectors. ^ 

1. ^alternating or triple\ioaiar product / 
^ ^2. vector or cross product 

3. determine the coeinq of ^ angle between 2 vectors 

4. dot product ' 

5. ^addition • 

6. scalar multiptioation 

21^ B Detemine the direotion^ coeinee of a aireoted lin4 segm0nt in 
epaae aridHh0 dvveotion ooeims Qf a epsiae veotop* 

21*1 Matah ox^deyed tripUd with ite. gmphia Td^edni^Hon irt tlwde epaoe. 
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Prerequisites • ■ 
units 17., 18, & 19 / ' ' 

Procfediiral Options ' . ' y 

The procedural option- for, unit 2] .is the s^me as for the previous units 
•Atiierarchy for the objectives in unit 21 is^rovided below. 




Unit Activit ies , . 

t — — — I I - - -J , 

s ' ' ' 

Lectures 10, 11 , & 12 

The lectures over this unit will have the following outline. 

.« . . " , • • . . 

Lecture 10. The Space Vecttfr 

1. Definition : _ ■ 

2. Determining magnitude and direction cosines and cosine of 
angle between 2 vecolrs. " \ ' 



3. Operatljons . . 

a. addition 

b. , scalar mul tipTicatfon ' 
. c. dot product 

. ' d. vfectof product 

e. triple scalar product 

Lecture, 11 The Plane 

■ 1 . Equation of a plane 
*• a. general fofin 
b.; Intercept, form 

2. Determining equations 
a. given 3 conditions 

* 3. ' DiUance from a point to a, plane 

Lecture 12 The Straight Line tn Space 

^* Equations of a line fn space 

1 . parametric 

2. symmetHc , . . 

A 3. general equation^' \ . 



L 
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Objective 21 :i '. ' ■ \ 

Match ordered triples vj/ith its graphic representation in thre.e space 



Instructional Activities 



1 . Your text ' ■ 
Morjrill, W.rK^ Analytic Geometry pp. 297-298 

2. Your text and Study guide 

3. Other 'reading sources 

Protte^r-Morrey , Analytic (Seoinetry , pp, 194-195 
Murdoch, David C., Analytic Geometry » pp. 19-2GT 
Fuller, Gordon, Analytic Geometry, p p. JJ^6"167 '. 

4. Individual Assistance 

5. Informal Group Sessions 

6. Lecture 10 ' ' . 



1. Match each graphic representation bel9w with Its/ ordered triple, 
i 'Choose your answers frbm the set of ordered triples provided. 



a. 



b. 



1 


7 




r i 1 \ 4 






a. 



e. 




Choose your answers from this set. Notice not every ordered triple > 
has, a graphic representation shown above. ' jn^ 

(2,-3,1), (0.3,4.), (1,1,-2), (3, -a.-.2) (-.1.0,2) (0.0,1)/ 
(4.2.-3) t-3,-l.-2) (2,-2,1) (3.1,1) * . ; / 



21-5 



t Answers ' Objective. 21 .1 

(a) (0.^3. 4) (b) (3/ -2. -2)^ (c) (0. 0. 1), (d) (-3. -1. -2) 
^ , (e) (2, -2. 1) Jf) • (3, 1; 1) :' . i- 



' f. 



1 4 



: .» i 



,ERlC^ 
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•1' '9 
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Objective 21.2 / 

f • ;■ 

Determine the direction- cosines of a directed line segiwnt In three space «nd A 
the direction cosines of a space vector. ^ ^ k v « m ^ 

Instructional Activities 

1. Your text ' ^' ' - 

Exercises: p. 300 problems 9. 10. anc( 11a 

pp. 304-305 problems 1 (a and c). 3.5 (a and c). 6. 9. 12. and 13. 
p. 3g8 probletn .10 

2. Your text and Stucfy Guide . ' . 4. 

\ ■ ' 

3. Solved Problems 

Schaum's Outline Series. Theory and ^Problems of Plane and Solid Analytic 
Geometry , pp. 1^06-107 problems 1 . 2. 3. and 5, 

4*. Other Reading Sources 

Protter-Morrey. Analytic Geometry . pp. 198-200 

5. Individual Assistance - r ' " 

6. Informal. Group Sessions „ — ^ ^f. 

7. lecture 10 * * 

Self Evalua tion . > - 

1. Detei^ine the direction cosines of a directed line segment from P^ to Pg where: 

(a) = (1.3.4) and P^ = (-3. -1. 0) \. 

(b) = (0.4,-2) and P^ - (3.^-2. -1) 

2. Detiermine the length and the direction, cosines of the following vectorsr * 

(a) u = M, 0, 3] 

(b) V = [ 2. 3. -1] ' - 

(c) w « [0*. 0. 3] i 
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Answers: Ob'Jective 21. 2 



1. "(a) I = 2L. 



^ 2.;., (a) 
(b) 
(c) 



^= 3 



U I 

= 3 



w 



-1 

7T 



/lo" 
£ = 2 

I - 0 



T 
1 



0 



_1 

/IT 
m = 0 



21-7 



/I 



n = J_ 



n= 1 



\ 



9 
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Objective 21 .3 

Perform the following operations on space vectors,^ 

1. Alternating or triple scalar product. . ^ 

2. Vector or cross product 

3. Determine the cosine of the angle between 2 vectors. 

4. Dot product ' 
6. Addition 

6. Scalar multiplication 
Instructional Activities 

1 . Your text ' ' 
Morrill, W. K. , Analytic Geometry pp. 306-312, 323-326 

Exercises, p. 308, problems 3 (a,c, and e), 4 (a and c),' 5, 6, 7, ff^ and 9 
Pf 312 problems 1, 2a, 3 (a and d), 4a, 6, 9, and 10 
pp. 326-327, problems 1, 3, 5 (a), 6 and 7. 

2. Your text airid S^jidy Guide " 

> 

3. Solved Problems - 

Schaum's' Outline Series, Theory and Problems of Plane and Solid Analytic 
Geometry , pp. 107 problem? 6, 7, 8, and 9 ^7"^"^ * 

4. Other Reading Sources 

— ^Murdoch, David C. Analytic Geometry , pp. 74-79. 

5. Individual Assistance " , 

6. Inform&l Group Session's 

7. becture 10 

Self Evaluation 

'I ■ . 

1. Given the following vectors, u = [1,0,-4], v « [2,5.-3], and W = [-1, 3,-5] 

find: 

w 0 

aj 'the cosine of the angle 8 bej:ween u and v. , • ^ 

b) v« H 

2v ■^ 3 u ^ 
V X w , : " *V ^ ' 

u: (v X w) 

a vector perpendicular to v x w. 



,c 
d 
e 

!f) 
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2i-9 



a; • 

Answers: Objective 21.3 



li' '(a) ■ cos 0 * 



14 



/IT m 



SA 



(b) 


y*w. * 19 




(c) 


.2v + 3u = 


[12,20,-18] 


(d) 


V X w = [ 


-16, 13,11] 


(e) 


u . (v X 


w) = -60 


(f) 


w or V 





r 

1^ . 
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Objective 21.4 . f ' ' 

DeteriTilne the equation of a p1arte-^«f5rsketch th#plan6 

1. given three conditions y ^ 

2. given the intercept form 

3. given the general forni ax + by + cz + d = 0 



Instructional Acti vities- ' ' 

1. Your text ij ' 

Morrill, W. K., Analytic Geometry , pp, 318.-323. 

Exercises, p. 320, problems 2,4, 6(a & c),' 7(a,c, & e) 

8(ac, & e), 9,11,13,15, and 16(a) 
P. 322, problems 1,2, and 3(a & c of each) 
P- 323, problems l(a & c) & 2(a & c) 



. 2. Your text^and Study Guide 

3. Solved Problems ' ' . *' 

Schaum's OutUhe sLries, Theory and Problems of Plane and Sol'irt 
' Analytic Geometry ; ^p. 116.-119. ' 

. problems 1,2,3, 4jl, 12 & 15. _ . ^ . 

4. Other Reading Soi/ces ' 

Protter - Morreyl Analytic Geometry , pp. 2*08-210.. l"' 
Murdoch, D^yld C.\ Analytic Geometr y, pp. SZ-'go. 

5. Indivixlual l\ssistance . 

6. Informal Group Session 

7. Lecture U ? • 

■ ■ ■ V . ^ - . 

.1- • . , . . 



S elf-EvaTuation Sbjectjve 21.4 ' ' ^ 

1. Given the equation 3x - 2y f z - 7 = Q. write the.equation in the 
Intercept form and find the 1 r^ercept^ . How^sketch the. plane using 
the intercepts as an aid. • ' 

2. Determine the equation pf the , plane tha't sat;.1sfies the following / 
conditions.' , 



\ 
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(a) Fin(l the equation.of the plane through the point (-3» 5, 1) 
perpendicular to a line with directt|h numbers 4, 1, -3. , 



(b), Find the equation of the plane thj!^\igh the points (0, 0, 6), 

i 



(1.1. -1). (0. 2. 1) 



/ 



/ . 




\ ■ 



V 
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Answers: 

X 

1. 771 



X Intercept » 7/3 
y Intercept .« 7/2 
2 Intercept « 7 



■ |x 



1(0/),'^) 




2. (a) 4x + y - 32 + 10 = 0 
(b) 3x - y + 22 - 0 ' 
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- Objective ^1.5 ' ; ^ . 

\61ven sufficient conditions to describe a tine in three space, determine 
the equation of the line in any required form. 



Instruptional Activities , ' , , • 

1. Your jtext ■ — . ' * . . 
','Morri'H» W. K., Analytic Geometry, pp 338-344.. ' ' 

, Exercises, p. 339, problems l(a & c) , 2(a & c) , 3, & 6 - ^ 
p. 343-344 problems l(a & c), 2, 3(a &,c), 

4(a & c), 7(a & b) 8,9, & 10. 

2. Your text and. Study Guide 

3. ~ Solved Problems ■ v , ' 

Schaums Outline Series, Theory and Problems of Plane & Solid 
Analytic Geometry , pp, 124-127 problems 1,5,9, 10,'12il3, & 14 
• .4. Other R^aditig Sources 

Protter- Morrey, Analytic Geometry , pp. 204-206 7 
Murdoch, David C, Analytic Geometry , pp,, 91-93 

5. Individual Assistance . 

6. Informal Group Sessions 
. 7. Lecture 12 y . • 
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$el f-Evai uati on m.iecti ve 21 .'S 



1. Determine the equations of trte line containing Pj (l.l;2) *ahd Pg. (-r,2,'3,.) 
in symmetric fom. 

2. Vlrite the paratnetric equations for the line determined by the 'following 
conditions: ' j " ' • 

(a) Through P (l»2,3) perpendicular? to the plane 3x + y -z -6 .= o) . 

(b) Tllrough the, origin, parallel to IJr, Q = (-3,2,1) S 
and R= (2,-3,1) 

0. Find the direction numbers of the line represented by the following 

pair of equations and write. the equation of the linq in parametric form. 
2x + y - 6 = 0 and 3x + 2z + 12 = 0 



V 



/ 



7. 



Answers : 
X - 1 



1. 



-2 



2 + 2 



2. (a) X = 1 + 3t, y 5 2 + t, z 3 

. r 

V ,(b) 'X = 5t, y = -5t, z = d 



t 



L/ 



\ 



3. direction numbers = t24, -42 , 1] a point on the line is 
(-4, 14., 0) and a set of equations is: ^ ^ ■ 
•, . X =' -4 + 24t 

. ■ y - 14 - 42t , - 
■z = t • 



ANSWERS TO THIS SET ARE NOT UNIQUE 
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Objecitve 21.6 ; \ 

Given sufficient conditions to describe three pi anei,„ determine 
1. the equations of the^ planes »^ ) 

2: "the- solution (and describe 'if unique, a line, 6r caplanar) 
""3. the' distance from a point to any of the planes 
4. the cosine of the angle formed by two planes 



Instructional Activities - ^ 

' 1. Your' texj ^ , ' " . 

Morrill, W; K. , Analytic Geometry,' pp^ 331-336, pp. 345-349. 
Exercises, p. 333*prol)lems l(a & c), 3,7, and 11. / 
p. 336, problem 1 
p. 347, problems l',3, .& 5 
p. 349, prolbems 1,3,' & 5 • ' 
2. Your text and Study Guide 
3> Solved Prolbems 

"Schaum's Outline Series, Theory and Problems of Plane and Solid 
AnaTytic Geometry, pp. 117-lii' Problems 7Tm,^^ 14 
.4. Other Reading Sources . ' 

Protter - Morrey, Analytic Geometry, pp. 212-215. 
5.- Individual Assistance f 

,6. Informal Group Sessions . * 



Se1f-Evaluatii3n Ob.iective 21.6 ' ' * 

1. Gdven the planes (2x f ^y - z - 1 « 0, 3x - y - 2 + 2 « o; and 
- 4x- - 2y + z ->3 « 0, determine 'the solution. ^ ♦ 

t. What is the distance from the point (3.1,0)' to the plane 2x -f y 

3. Find the equation o| the plane that passes throught the point 
•(3,-2,4) and Is perpendicuJiH^to the planes 7x - 3y -f 2 - 5 = 0 

. ^^and'4x - y - z + 9^07^ ^ . * 

4. Find the- cosljies^ the angles between the planes 2x - y + z 7 



21-17 



Answers: Object ^Ve 21.6 

A; ■ 

1. (1/?. 3) 



■ w ■ 



2. 



3. 4x + n + 5z - 10 = 0 



4. cos 9 - ±V 



4 
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Unit '21nr.-3wU Analytics 



Rdtijpnale: 



" . Assume you are the pilot of an airplane, and you wish to locate your 
position with respe'ct to a certain city.- How^uld you describe that positionV 
You could say you w^ere so many miles nort||,, e^st, south, or west (or any - . ' - • 
■ compass di recti on) 'from thatj' city. That still would not aH^quately describe 
your position since you might be at a IQO Ft.'aUitute or on. the ground. Therefore 
you must also add-an altitude reading to your position. 

As you see there are some cases wh^re a "plane" coordinate systeifr 
(a system of 2 mutually perpendicular lines)" is not sufficient. Therefore, ' 
this unit will deal with problem§^ in 3-space. 



Objeatives: 

« 

21.6 GiOen suffioient oonditions^ to describe three planes , determine: 
the equation of the planes 

2. the solution (and describe if unique^ a line, or coptanar) • \ 

3. the distance from a point to any of the planes ^ t'' 
^ 4. the cosine of the angle formed by two planes . ^ , ' 

<Ji.6 Given sufficient conditions to describe a line in three spaoe^ ic 
determine t\he equation of the line in any requested form. 

21 A Determine the equation of a plan^ and sketch the plane 

1. given three conditions - 

2. given the intercept form . • / 

3. given the general form ax by cz ^-h d =^ 0 

2U3 Pevfprm the following operations on space vectors. 

1. alternating or triple, scalar product ' ' 

2. vector or cross product 

3. determine the cosine of the angle between 2 vectors 

4. dot product ' . ' ^ 

5. addition ^ 

6\ scalar mltiplicfltion • ♦ 

. ^ > . ■ ? 

2U2 Determine the direction coeinei of a directed lint^ segment in- thre^ 
dpace and th& direction cosines of a space veatoio. ' 

« 

Uatoh ordered triples with it$ graphic repreeentation in three epaoe. 
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Instructional Acti'Vi'Ues ^ ^ . ', 

Objective 2^.1 

Match ordered triples with Us gaphic Representation In three space. 



Task 1." (Points in three space), V 

Read pages 297-298 in your text. ' 

ti 

After reading the pages, label the coordinate system below such that it is 
handed system and the positive X axjs Is "toward you." (out or the page) 




i 



After labeling the System 
•name the coordinates of the 
points Pj, Pg. Pg. 



Answgrs: , ^ . Pj = (1,3,1) J V^^ (-1.-1.3) 
You work' problems 1,2»3,4,5. and 7 l)n page 300. 



P3 « (2,^.-^1) 



Se1f~Eva1uatidn Objective 21.1 . ' , ' 

1. Match each^graphic representation below with its ordejred triple 
Choose your" answers from 'the set of ordered triples provided. 



a. 



b. 





7 








\ \ \ 1 















0 




«d . 



e. 



f. 




- * * * 1 1 1 











.1^ 



Choose your answers from, this set. Notice not ev€f^y ordered triple 

p. _ • / ■ ■ • 

^as ^ graphic representation shown above. 

(2.-3.1). (0.3.4,J, (1.1.-2). (3.-2.-.2)' (-l.O;^), (-0,0.1) 



(4,2>-3) (-3,-U-2) (2.-2,1) (3.1.1) 



i 



i 
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Answers Objedtfve 21.1 



U) (0, 3. 4)4 (b) (3, -2, -2) (c) (0. 0:1) id) (~3. -1. -2) 
M (2,-2)1) (f) (3, 1.1 
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Instructional Activities; . . , 

Objective 21. 2 v ^ . . 

Determine^e direction cosines of a directed line segment in three space 
and tihe direction "cosines of a space vector. . * 



Task 2. ^(Projections in 3 space) ' ' 

Read pages 298-299. 

After reading the material W9rk probletws 9,10, and 11a on page 300. The 
fi^st part of problem 9 and part a of problem 10 is begun for you. , 



9. Deteniiine the projections of the following points on the xy-plane 
the xz-plane and the yz-plane, respectively. 

; The projection on the- xy-plane is (1,-1,0) 
... The projection on the xz-plane is ( 1,0,3) 
The projection on the Vz-plane is-(_ __) 

•» 

( "s 

10?» (a) Determine the projections of the following segments on the x-axis, 
y-^is, and the z-axis respectively. 
^ ^ Pi (3.-2,4) to P^ (-1,1,-1) 

The projection on the x-axis (ax) ^ x^ -Xj,, 
V. The projection on the y-axis "(Ay) = - 
The projection, on the z-axis (az) = ' 
HenceAx = - = -1-3 = -4 

Ay = y2 - =_ = 



Az a • '-^ 
rs* 
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i . ^"swers ; • Ay « - yj« az = -Zj, A y i - (.2) = 3 
Az .= Zg - z^ = -1 - 4 « -5 V 



Tas)( 3 ( Scaiar components and magnitude) 



Read pages ^301-303. After reading the material work problems l(a & c)" 
. and 3 on page 304. ' , „ a ^ 

Self-Evaluation Tasks 2 and 3 

"1. Find the projections of the segment P^P^ on the x-axis'the y-axis 
and the z-axis, .where Pj. * (0,1,4) and P^ = (-3,2,1). 

2. Find the scalar components of the segment P^P^ where Pj = (-3, 4, if and | ' 
P2 = (-2,1.2). . W 

3. Find the length of tlie segment PjP^ where P^ .= (3,1, 0) and Pp = (-4,3,-1). ~ 
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Answers : Tasks 2 and 3 . 

■ 1. , AX = -3 Ay = -1 Az = ' 

• " 2. Ax"= 1, =^ -3, aZ = 1 

' 3, /W ■ ' 



Task 4 ( Direction Cosines) 



Read pages 303-304. 



On Page 305 work problem 5(a8jc), 6,9,12, and 13. Problem 5a is begun for 
you. 

5, Given the inftial points and scalar components construct each segment, 
and find the terminal point, the magnitude ahd the direction cosines 
of the segment. " . 

(a) P^ = (1,-3,2); scalar components [2,1,-1] 

A X = X2 - Xj Ay = y2 -yj az = - <z^ 



2 = X2 -1 1 = y2 

x^' = 3 . . y^ = _ 



> 

'Hence = (3,-2,1) 



|PjP 



2 



and _ 4 X m. |yy w. A z 
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Hence r 



^_ and w " 



/ 
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■ \ 

• \. . . 



Answers: \ 



" 1 



You construct the segment in the space provided below. ' 



After you finish the problems* read page 305 (section 9-6) and read the 
first paragraph on page 306. Also read the last paragraph on page 307 
beginning with "The direction cosines of a non-zero vector..." and 
308. On page 308 work problem 10, 



Self -Evaluation 
Objective 21.2 



1, Oetermine the direction cosines of a directed line segment from P. 
to ?2 wherfe: - - 

M " (1.3,4) and P2 « (-3.-1.0) 
(b) Pj " i 0,4.-2)* and Pr, (3.-2.-1) ' , 



i. 
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2/ Detennine the len^t^ and th,e direction cosin^of t)[\e fql lowing vectors 

(a) u « [-1,0,3 ] . ' 

(b) V »' C2,3,-l ] T \ 

(c) w = [0,0,3] • 




/ 
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Answers; Objective 21.2 




yf4 

(c) |wr = 3, 1= 0.'. m= 0, " Vi= 1 



m = 



n « 0 



n =» ^ -1 



Instructional Activity ' . 

Objective 21.3 

Perform the foil owning operations on space vectors. 

1. Alternating or triple scalar product .| 

2. Vector or cross product 

3*. Deter'mine the cosine of the angle between 2 vectors 

4. Dot product 

i 

5. Addition ' 

6. Scalar multiplication '•' 

Task 5 (vector operations - addition & scaUr muUi plication) 
Read pages 306-307 



Notice that subtraction for vectors is defined in terms of addition. 

(to perfonr) the operation u - v you add the' Inverse of v to u, 
u - v « u (-v) 

258 ■ ^ . 



mmmmmmmmmmmmmmm 
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Also n(>t ice thk thfrxoperat Ion defined by 

.Scalar multiplication, in ? dimensions was defined as 

On page 308, work problems' 3(a,c & 'e) 4 (a & c) 5,6,7,8, and 9 





determirte the following. 



( d) 



(e) express u as a unit vector times a constant 
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■ . ■ i ■ 

Answers: ; 
r (a) u + V - [2.3. 1.] 



(c) 3u = 
(e) u- ^ 



1 



-(b) ,,,uy v.« [4»^.3| 



VJJ td4~" 



Task ^ (Cosine of an^le between 2 vectors and dot product) i J 

• Read pages 309-31-2 : 1 ; . • 

' ■ < ■ ■ ">* ' " ■ ■ ~ ** ■■' ■ ■■■■ ■ 

Now work problems 1., -29, 3 a& d, 4a, 61^,;^^ i^- Problem 3a Is begun for ydu. 

. Find the cosines oV the angles of the fSlTowing triangles whose vertices 

are: Pj(2,-l,-l)i P2(-a,4,2.). and P3a.»-1.2);\ 

"J ■ 



V « 



^3 



0,3 



cos< P2''l''3^ . .^v 



= 5 



9 ' 



14 



u 



V * P2P3 * 



U cos<PiP2P3 = 



'4 



cos <PiP3p2 " 



I .' It 



U . V 



u V 



m 



0 
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Answers..: . 



J 



^ ^^^^i^^y 45 , COS< P^Pqt>;>^ = -4 



-V 



Self-Evaluation Task J , ' . 

, '-Ax. ^ • ' ^ > , 

Ivn find the /CGsiine of the angl e ^.between P.^P2 and P^P^ where P^ =' '(2.,L,-3) 



P2 = (3,-l»0)>and P3 - (4,i^)„;:, 



j 



t 



♦ ■ 



V- 



4' 



/ 



/\nswer: c6s<?2pjf^3 = 7 ' 



7.0 



Ta^k 7 (Vector product & triple scalar product) 
_Read pages 323-326. " . , 

•So far e\?et4 operation in 3 space has had a corresponding operation in^ 
the plaTie. There has been no operation defined ih the plane wKich 
corresponds to t^ie vector „product. You shoul'd^also notice that the 
results of the operation is a vector / . ' 

The vector product is clefined as follows: 
uX V ^ 



OR. 



u.x V = 



"2 "3 
'2-^3 



Find' the vector product .q^f th^ vector u =[1,-3,2] and the vector v =f-3,4,-2] 



Answer : u k ^ - 



-2, 8, '13 



•Inr reading the. material ybii shoi^ld have found the statemerrt on page- 326 
Ja^t" pair'agraph-, "The triple i>ztk^^ product Is a number." This is true ^ 

ft) *■ 

since the^ri'ple'^calar product u- (y ^ w) is the dot^roduct q.f iwo vectors, 



since fv^SoJ") the vector, product'^'l'^ a^., 



259 
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Answer: vector 



^ ! 



Now work problems 1, 3.^ 5(d), 6, T^n pages 326-327. ^ 



Self-^Evaluation — Objective 2 1.3 , 

1/ .Given the following vectors u = [1, 0, '-4], v = [2, 5, -3] , and 
w = [-1, 3; -5], find: > ■ . 

(a) the cosine of the angle o between u and v. 

( b ) V • w , 

■I 

(c) 2v ■K>3u ,^ 
■ (d) V k w ' . ■ ' 

■(e) u • (v X w) • 
(f) a 'vector perpendiuclar to v x w 
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J\nsw&rs: Objective 21. '3 



1. (a) cos 0 = — 1^ — 

. /V ' M . 

(b) V • w = 19 ' ~ 

. (c) 2v +' 3u^= [12. 20.-. -18] , 

' (d) V x"w.= [-16, 13'. 11] ■ ^ ' . ■ . 

■ (e) U • .( V;X W) ^0 

(f) w or V " * • . . 



Instructional Activities Objective. 21. 4 

Determine the equation of a plane aqd sketch the plane 

1. . given three conditions 

2. given the intercept form 

3. given the general form ax + by + cz '+ d = 0 



Task 8 (General Form of a Plane) 

Read pages 318-319. You should note that the general form (ax + by + 
4^ >cz + d = 0) of the plane is developed like the general form of a line 
by the use of a vector ^erpendici^lar to the plane. ' ' , 

On page 320 /work problems 2, 4v'6(a.& c), 7(a, c» & e), 8(a, c, & e) 

9, 11, 13, 15, and , 16(a): ' 

Exaijiple 16(a).: • . ' / ' 

Find th^ equation of the plane parallel to the yi plane and 
, containing the point |l, -1,2). 

♦ ^ • • " • 261 
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Solution Example 16(a) . , > ^ . 

. ^i«nce the required plane is parallel to. the yij plane, a normal ' 
vector, is u = [1, 0, Q]. Hence the- equation of th6 plane is of' 
the form ax + d = 0 where d = -ax^ -by^ -czj. Let u [1, O.'o] 

then d * -1(1) - o - 0 = '^l. He^nce the required' equation is x - 2 = 0. 



Problem ^ is begun for Vou: . 

Find an equation .of the plane that is parallel to the x^axis and 

contains the points ( 2,- 1,3) and P2(-l.'0»5.) . since the required 

plane is parallel to the x-axis, a normal -vector is u [O; b, c]. 

Hence the required equation will be of the form by + cz + d = 0 - 
also u • PjP2 =0 

V "P^o - and 

iind u • PjP^ . 



Henqe,b + 2c = 0 and b = -2c. 

J 

Let c = 1 , hence b = . 

and the equation is of the form -2y + z + d = 0. 



A 



Since d = -ax j -by j -cz j» d 



Hence, the equation is 2y. - z + 5 = 0, 



After finishing the problems on pdge 320-321, read page 321 and work problems 
1, 2, and 3 (do a & c in each) on page 322. 



262 



265 



21-37 



Task 9 ^ ' ' , 

Read pages 322-323 and work problems l(a,* c) and 2(a, c) on page 323. 



Task 10 ' • , • 

Read" pages 328-330. The two examples 10-10 and 10-12 should be very 
helpful. Now work problems l(a, b), 2, 3, 4, 8, 9, ^nd 12a.^ 



Self-Evaluation Objective 21,4 , 

/ ■ '■ .'i ■ 

1. Given the equation 3x - 2y z - 7 = 0. Write the equation 

1n the Intercept form and find the Intercepts. Now sketch . 
-tliie' plane using the Intercepts as an a1^. 

" / ■ . % , - 

2. Determine the equation of the plane that satisfies , the following 

conditions: 

(a) Flnd^the equation of the plane through the point 

" (-3, 5, 1) perpendicular to a line with direction 
.. ' numbers 4, 1, -3. 

(b) Find the equation of the plane through the. points 
(0. 0, 0), (1, 1, -1), (0, 2, 1) 



\ 



I 
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Answers : 

X 

K 7/3 



. / 



X intercept = 7/3 
y intercept * 7/2 
2 intercept = 7 
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Objective 21.5 



Given sufficient condi'tions to descri'j5&>^d" line in three 
space, determine the equation of the lirie in any required 
form. ' ' . 



Instruct>ona1 Activities - • ^' 



Task 11 (Direction numbers & Direction cosines of a line) 

Read pages 338-339 and work , problems l(a, c), 2(a, c), 3, and 6 and page 339.. 

... . \ 

Task 12 (Parametric Equations of a Line) 

Read pages 340 and work problems l(a & c) and 2 on page 343. 

Task 13 (Symmetric Equations of a Line) 

•f . : . ■ ' ■■ 

Read page 341 and wo rllf problems 3(a, c) and 4(a, c) on page 343. 
Task 14 (General Equations of a line) 

Read page 341-342. You should be aware of the fact that in each form, 
parametric, symmetric, and general, it takes two^ equations to determine 
a line. Now work problems 7 (a, b), 8, 9, 10, on pages 343-344. 
Problems- 7(a) and 8 ar0 begun for-you. 



V 



.0 



Problem 7. Find cj^rect'ion number of the line represented by the following 
pair Qf equations and write each line in parametric form, 
(a) 2x - 3y z - 6 = 0 and^ x - y t 2z + 4 = 0 
Solution; 

i lei M =■ [2, -3, 1] and v = [1, -1, 2]., Then 



= I -1 2 L J k 



\ ■ : - 
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Hence the direction numbers are * 

Let 2=0, equations of the line become 2x ^ 3y - 6 * 0 and 
Solving for x and y yields, 

■ * ' . .« 

X = ^ = — , and . y - -~ 



The point P = ( . , o) lies on both planes. So parametric equations 

of the 1 ine are 

— I , . » 

and 



A 



26 M 
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Answers : 





-3 1 








12 -3 


U X V = 


-1 2 


.1 


1 




1 1 1 



- [-5, *3, 1] 



direction numbers: [-5, -3, 1] 

.equations of the line 2x - 3y - 6 = 0 and - x - y + 4 = 0 



X = 



1 ^ 




1-4 










-3 j 



-18 



y ' 



2 6 
J 

T ^ 
-1 



= -14 



1 



P = (-18, -14, 0) 
parametric equfitions are 



X = -18 - 5t 



y = -14 - 3t 



z = t 



/ 



m 



NOTICE: To obtain the answers in the back of the text let z = 1 
instead of z = 0. ^ • 



8. What are the equations of the line that passes through P(2, 3, -1) and is 
parallel to the line represented by the equations 3x + 4y \ 2z +j6 = Q 
and X - 2y -. 2 - 2 = 0? 



r 



! 



1 
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Solution: 

■ i ■ ■■ . ■ ■ ■ 

Since the required line is parallel to the line determined by the 

planes 3x + 4y - 22 + 6 = 0 and x - 2y - z - 2 = 0, the required 

Tine i$ represented by the equations 3x '+ 4y - 2z + d^ = 0 and 
X - 2y - z - d2 = 0. 

Solving for d^ and d2 yieldsT \ .(\ 

dl = ra»,x^ - b^y^ - c^z^ d^ = -a^x^ -'b^Vi - €22^ " 

^1 ^ ^2 . ___ 



Hence the equations are; 

3x + 4y - 2z - 20 = 0 and x - 2y - z + 3 = 0, 



Self-Eva luation Objective 21.5 

1. Determine the equations of the line Containing P^(l, 1, -2) 

and p2(-l, 2, 3) in symmetric form. ^ '■ ^ ^ 

2. Write the parametric equatjlns for the line determined by.^e 

following conditions 



(a) Through P « (1, 2, 3) perpendicular^ the the plane 

■ I » 

3x + y - z - 6 = 0 

(b) , Thro.ugh the origin, parallel to QJJ, Q** (-3, 2, 1) 

and u = (2, -3, 1) * ' 

> 



% 
'I 



■ ' 271. 



Find the direction numbers of t|e line represented by the following 
pair of equations and V(rite the equation of the line in 
parametric form. 

""2^ + y ^ 6 = 0 and 3x + 22 + 12 = 0 
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Answers : 

ft 

X - 1 



1. 



-2 



y - 1 , i±l 
i 5 



2. (a) X = U+ 3t. y = 2 + t, z 3 - t 
(b) X « 5t, y = -5t, z = 0 



3. 



di recti on| numbers = [24, -42, 1] a point on the line is 
(-4, 14!, 0) and a set of equations is: 
x,= -4 + 24t 
yi - 14 - 42t 
z = t 



ANSWERS TO THIS SET ARE NOT UNIQUE 



14, 
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Objective 21 4 ." ' * ' • " ' ' ' ^ ' 

■" ■ ■ # 

Givejn sufficient conditions to describe three planes, determine: 

• • ' ■ . . « 

1. the equation of the planes - * 

2. the solution (and describe if unique, a line, or coplaner) 
•■3^, the distance 'from a point to any of the planes ; 
'4. the cosine of the angle forltied by two planes 

*■ * 

Instructional Activities - . 



Task- 15 .(Distance from a plane to ;a point^ 

Read pages 3.31-332 and work problems 1( a,- c)', 3, 7, and 11 on page 333 



S 1 



lllsk X'G (Angle formed by two planed) 

Read pages 334 and work problem 1 "on page 326. 





/ 



Task 17 (Deter<<nining sdlution-given three planes) 
Read piiges 345-347 and work problems 1, 3, and 5 on pages '347. 
Now' read" pages 347^349 and work. .problems 1', 3^nd 5 on page .349. 



Sgj f -£yiTua t j^V " D^b jQCt1 ye 21.6 

1. ai van the planes 2x + y - z - 1 = 0, 3x - y - z + 2 0, and 



4x -<2y •♦' .z - 3-0, deternifn? Ihe solutioh\ 



21-46' 



V 



4 • V 



•1 9 1^ 



•Av , Wh^t 1s the ciistaRc^ from the. pfoi^'t (3, 1, 0) to the plane 2x + z -♦1 =( 0. * 

•••• ' ' ' ' '■ ;> . " ■ ' ) * 

• • " ' I' - . . V 

:"3, Find the equation of the plane tbat passes through the polM (3, 

and i-s perpendicular to ,the planes 7?< - 3y + z - 5 ='i^^^nd 
'■ 4x - y :- '...z + ^ = 0, , . ' ^ " . 



.1^ 




< *1 



^4.^ Fifld the cosfnes of angles between the plartes 2x 

, x + y +«^z , -11=0.'. 



1 



- y +.Z =' 7 and 
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Unit 22 PARAMETERS ; 

♦ Rationale : 

J * -Quite often it is helpful In the solution of problems to exprpss two 

• ^ ■ ' 

' or mpre" variables interm^ of a single variable. TlUs procedure is 

't * • . . ^ ' 

especially useful when time i& involved. ConuH^der the. following problem 
and solution. ' . - ' ^ - ' * 

^•■ ■ ' ■■ ■ ^ . 

Problem: A passenger train traveling 60 miles per hoar covers a 
certain distance in ^2 hours less time than a freight .train traveling 
•50 ^iles per hour. Find distance- traveled'by each -train. 



ed 



Soliution: Let d = 60(t - 2) represent the distance traveled by 
, the passehgeV traii^ pd - 50t the distance traveled by the 
;• freight train- for tijne t. ^ftce d-^^ - d^^^^theiNxaOt -120 - 50t 
<23f!D or iOt -.120 ancf t -^12 hours. Thus, d^ - d^^' - 600 miles. 

In the tjplution to the above problem, d, and d„ were both express 
parametricaliy/ i.e. bota were expressed in'terms of ti^ne. ' 
. As -anpther example of how parameters can be used consider the 
following situation. \ , . 

' ' ' ' ■' 

• .• An airplane heading dye north flies directly aver an airport, there* 

is a crosswind blowing due east. If the plane is headed nortlT.at 

30.Q mph and the wind is blowing east at 50 mph, determine the 

■^"tunctiton wjvlcih (|etermine8 the dlptance fr'oni the airport at any time. 

, Let ' dj^ - 300t., be the plane's dif^tlon vector at time t. d - 50t 

•■ ■ ' , -\ J- 

be the wind vector. at time t^ Theti d(t) -/OoOt)^ -f (SOtT is the 

. plane's path vector. Th(Js, d(t) > /925b6? represents the distance 
from the\ airport at time t. 

1' ■ • ' • ^ 275 
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300h 



The above problem illustrate^s another use oj^ a parameter. Two 
variables were expresaed in terms of a parameter Allowing one to establish 
still another variable in terms of the parameter, \ 

Suppose, in the above problem, otie was asked to establish the 
equation of motion of the airplane considering the airport to be the 
origin, due east as the positive ^-ax^ and due north as the positive, 
y-axia. 't' Y 





.Then fbr a fixed time, t, x - 50t and y » 300t. Thus, 5^ - t tand 



. y X y / 

300 " ^' "«"ce, 50 - 35;5- or 6x - y or the 6quat;ion. of motion is 

6x - y # 0 and the motion U along the line described by this equation. 
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Thus, it la agal^i useful to use a parameter, .tn this case x and 
were expressed in terms of t and tl^n the parameter .was eliminated to 
obtain the result in x and y. 



4 
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Objective 22.1 

* 

Can write parametric equations of lines' aatlsfylug given conditions 
and given parametric equations of lines can graph the lines and 
determine characteristics of the lines, • . 

Activities 22.1 / r - 

^ .. .. 

1. Your Xext 

Morrill, Analytic Geometry , pp, 59-61 
Exercises:' pp. 61-62, problems 1, 2,3,6,9 

2/ Other Reading Sources 

Love and Ralnvllle, Analytic Geome try , p, 180. \ 
. Shuster, Elementary Vector Geometry , p. 77, 
Hart, Preparatio n for Calculus , p, 262. 

Wade and Taylor, Contemporary ^alytlc Geometry , pp. 51, 274, 109. 
Protter-Morrey , Analytic Geometry , p. 56*. 

3» Individual Assistance 

Instructor available in PIPI Center. 



Self-Evaluation Objective 22.1 

1- Find the parametric equations, of the lii;ie through each of the following 
pairs of points. * ' - 

(a) {2,-i\,- (/i,0) • ^" , 

(b) (3»1), (3,7) - ^ • . 

(c) (-3',1), (2,2) "- ■■ 

2. %ind the dlrect(lon numbers, 'a point on the line, graph, and eliminate the 

parameter of the lines below.' ^ 

(a) X « -3' + 2t, y ^ 4t ' 

(b) X « 5t - 3, y t + 5 ^ 

3. (a) What is the slope of a line parallel to x « 3t - 5 , y « 2t + 8? 

(b) What is the slope of a line perpetidlcula^^to^ x «* --t -f 1 ^ y * 3t 6? 

(c) Find the X intercept in 3b* 



r/rr 



Write the parametric equation of a line containing the point (l»-3) and 
parallel to [-1,-1]. 



Answers 



(a) ==• 2 + 2t, ■ y « -1 +'t 

(b) X =" 3, <y = 1 + t 

= 1 + t 
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Objective 22.2 



Can write parametric equations for conlca and given the parametric 
...fiLauatlons for a conic can identify and sketch the graph of the conic. 



Activities 22.2 



L. ^Youi' Text 



i 



Mlorrill, Analytic Geometry 

'fcxercisos: pp. 1A9-150, problems 1, 2 

'I . pp. 167.-168, problems 1, 2, 3, 4 

. I • • pp.' 184-185, problems 1, 2, 3 

2. Other Reading Sources 

Love and Ralnvllle, Analytic Geometry » p. 181, 
WadQ and Taylor, Contemporary Analytic Geometry > pp. 51, 157, 159, 160. 
Protter-Morrey , Analytic Geometry , p. 175. * ^ 

3. ' Solved Problenls / 

Schaum' s Outline Series : Theclry and Problems of Plane and Solid Analytic 
_ . Geometry , pp. 98-99., problems 15, 17, 18; pp. X02-103, problems 51, 56, 
^ 57, 58, 63, 66. ^ 

A. Individual Assistance 

Instructor available In PIPI Center, 



S^^Xj^valuatlon Objective .22 .2 i 
1.'^ iJ^I^etermi'he the following conic Sections:' 

' t^y^ 2c « 3t', . y - 4t^ . 

(b) K H 3 sin ^, y ? ^ 'cos 0. ' 

" -•■••> ■' - 2' * ' • 

(c) y --t 2^ X "i"^ t V' 4 ■ f * . . 

(d) 'Is * 3 cos 0, y ^4 ain 0 

(e) X « 2 sec Y 5 tan 0 

♦ 

(Write the equations, find e, and the coordinates of the focus.) 

■ ^ — . 232 ' ^' ' . . 
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2, Write the following equations parametrioally : 



(a) y - 3x 

(b) + - 10 

2 2 

(c) ^,--^3-1 



Answers: ' 

1' (a) y « x^, e - 1, F = (0, ^ ) 
2 2 

(b) X + y " 9 circle 

2 

(c) (y - 2) - (x + 4), e - 1, vertex ' (-4,2) , F - (-3 ^ , 2)" 

2 2 r- 

2 * 2 ■««; y— - 

(e) |- - ^3 ° 1,' e - — , F - (±»/^, 0) 

^ / 

2 

2. (a) y =" t, X = -J 



ERIC 



(b) X =■ /lO. COS 0 , y /icT sin 6 

(c) X =■ 4 cos Oy y 5 sin 6 
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Objective 22.3 



Can sketch the graph and .find the Cartesian equation for a curve 
given the parametric equations of the curVe. 



Activities 22.3 , ' 

> .. 

1. Your Text 

. ■ ■ .<• ' ■ 

Morrill, Analytic ■ Geometry , pp. 283-291. 
Exercises: p, 291, problems 1-14, ^ 

2. Solved Problems . * .. . 

r . 

" Schaum's Outline Series: Theory and Ppblems ipf Plane and Solid Analytic 
Geometry > pp. 99-101, problems 16, 19, 20, 21, 22, 23; pp, 102 -iQ3, 
problems 50, 52, 53, 5A, 55, 59, 60, 6l, 62, 64, 65, 67, 68. 

3- Other Reading Sour.ces 

Hart, Preparation For Calculus , p. 270. 
. Protter-'Morrey , Anialytlc Geometry t p. 157. * 

4... Individual Assls'tance 

Instructor available iti PIPI Center.- 



Self ^^valuaktion Objective 22.3 
♦ 

\. ^Eliminate the parameter in the following paits of equations. 

(a) X ■= 2t + 1 
y =■ 3t"^ + t - 7 

( 

(b) X « + 1 ^ . ■ ■ ^ 



2 

y «= t + 2t 

(c) K 3 sin e 
0 



t / 0 



0 7* kiT, fc E Z 



r 2~ 

I 1 - cos >0 

\ 

(d) V ^ 



t 4- 1 



y « t^ 4- 2t- + 7 



o<t 2S4, 



o 232 
ERIC 



(d) y 



Hi 



22-9 



(a) y 



(b) y 



(c) y 



sin.; 

X 

9 



X " 0 



EMC 




2^3, 
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Objectives 22.-4 



Can 



write the parametric equations f^r lines and planes in space, 



Activities 22.4 



Your Text 



• • > 



Morrill, Analytic g eometry , p. 340. 
Exercises:, p. 243", problems 1, 2, 7 

. pp. 349-351, problems 1, 2 

Solved Problems 



^>chaum's Outline Series: Theory and Problems of Plane and 'Solid Analytic 
Geometry , p. 123;' p. 126, prob],em 10;' p. 129., problem iSe. \ 

3. Other Reading Sources 

... * 

Protter-Morrey , Analytic Geometry , pp. 204-205. . '. 

Hart, Preparation for Calculus , p. 314. 
BradyrMansfleld, Analytic Geajmetry , p. 220.. 
Wade-Taylo^, Contemporary Analytic Geometry , p. 274. 

4. individual Assistance 

instructor a^vailable in PIPI Center. ' ' , 



Self F, valuation Objective 22.4 ^ . - ^ * • . . 

; I 

1. Find the parametric Equations , of the plane through the points: - 
f\(-l.l,l), P„(2,-l,-l), P (0,3,2) ^ • 

2. Find the parametric equation of the plane 3x - 2y + 7z = 7. 

* • 

.. 3. What is the parametric equation of the line which is the Intersection of 
the planes: \ 

3x - 2y + 7z =• 5 and 2x + 2y - 2z »• 0 

■ .. . , ■ ... . . „ . 

* 

^ 4. Use. the solution of problem 3 to find the point of. intersection of the '. ' 
planes in problem 3 with the *plane x - 5y + 3z •» 6. 



Answers : 

1. X » -i + 3t + t'- 

y " 1 - 2t + 2t' 
z=l-2t+t' 



2. X =• t + 3t' 

y " -2t + t' " 
.2 - 1 - t - t' 



7 



3. X =" 1 - t 

y - 2t,- i 

z = t 



(1 - t) - 5(2t - 1) + 3t =■ 6 
.t = 0 

4. 

==1, y « -1, z = *0 Is solution 



t 
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